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Bridgeland Stability Conditions

Definition
A numerical Bridgeland stability condition on a triangulated category D is a pair:
o = (A, Z) such that

® A is the heart of a bounded t-structure on D.

® Z:K(A) — C is a group homomorphism such that for all 0 # A € A, Z([A]) € H.
Z must also satisfy the Harder-Narasimhan property and factor via Knum(A).

Moreover, o must satisfy the support property.

Theorem (Bridgeland '07)

The set of all numerical Bridgeland stability conditions on a triangulated category D,
denoted Stab(D), has the structure of a complex manifold.

Let X be a smooth complex projective variety, and let D = D?(X)
Definition

o € Stab(X) := Stab(DP(X)) is called geometric if O, is o-stable for all x € X.
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Geometric stability conditions
Definition
o € Stab(X) is called geometric if Oy is o-stable for all x € X. J

What is known?
® dim X = 1: Stab®°(X) = C x H
® dim X = 2: General construction produces geometric stability conditions
® dim X = 3: General construction for some 3-folds produces geometric stability
conditions
o dimX > 4: 777

Theorem (Lie Fu - Chunyi Li - Xiaolei Zhao '21)
If X has finite Albanese morphism, then Stab(X) = Stab®®°(X) J

Question: What about the converse?

Albanese morphism

X —2— Alb(X) Every algebraic variety X has a map a to its Albanese
\ variety, Alb(X) := Pic®(Pic®(X)). This map is called the
v / Albanese morphism of X. It is algebraic, and every morphism

A f: X — A to another abelian variety A factors via a.
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The Le Potier Function
Definition /Proposition (D.)

Let X be a surface. Let H, B € NSr(X) := NS(X) ® R with H ample. We define the Le
Potier function twisted by B, ®x ns: R — R, as

®x n.8(x) = limsup {

=X

cho(F) — B .chi(F) F € Coh(X) is H-semistable
H2cho(F) " with pn(F) =

Proposition (D.)

x n,p is well defined and satisfies ®x n,8(x) < 3 (x — L2

Theorem (D.)

&x 1.8 controls Stab®°(X). In particular:

Stab%°(X) = C x {(H, B,a, B) € NSg(X)? x R?: H ample, a > ¢X,H,B(,3)} .

Fu, Li, and Zhao introduced the Le Potier function with B = 0.
@ They showed: If p(X)=1, then ®x 1 := ®x 4o controls Stab®°(X).
® They conjectured: If HY(Ox) = 0, then ®x 4 is discontinuous at 0.
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Computations with ®x 4

Proposition (D.)

Suppose G is a finite group acting freely on X, and let m: X — S := X/G be the
quotient map. Let Hx = w*Hs be an ample class pulled back from S. Then
P, (x) = D, 1y (%)

Proposition (D.)

Suppose X has finite Albanese morphism, and Hx = a*Ha be an ample class pulled back
from Alb(X). Then ®x py (x) = %

Beauville-type Surfaces

Let X = G x G, where g(C;) > 0. Suppose G is a finite abelian group acting freely on
X such that S := X /G satisfies H'(Os) = H*(Os) = 0. These were classified by Bauer
and Catanese in 2003. G is one of the following groups: (Z/2Z)3, (Z/22)*, (Z/3Z)?,
(z/52)?

X has finite Albanese morphism, but S does not. One can find H € Ampg(X) that is

pulled back from S and Alb(X). By the above theorems, ®s s (x) = Px, Hy(x) = é
This disproves Q).
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Group Actions on Triangulated Categories
Let G be a finite group, and let D be a triangulated category.

Definition (Deligne)
A (right) action of G on D is defined by:
® a functor ¢: D — D, for every g € G;

® a natural isomorphism ez 1: ¢gpn — ¢ng for every g, h € G, such that these
isomorphisms are compatible with triples of group elements.

Deligne also defines D¢, the category of G-equivariant objects

Examples

® Suppose G acts on X, define ¢, := g*: D?(X) — DP(X). There are canonical
isomorphisms g*h* — (hg)*. Moreover, (D”(X))s = Dg(X) = D"([X/G])

* If G is abelian and acts on D, then G := Hom(G, C*) acts on Dg.

Theorem (Elagin '15)
Let G be abelian. Then (Dg)¢g = D.
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Group Actions on Triangulated Categories Continued

Theorem (Macri-Mehrotra-Stellari '09, D.)

There is a one-to-one correspondence:

, . - Forg! (=~ . . -
{ G-invariant stability } g G-invariant stability (*)
conditions on D ForgZ* conditions on D¢

One can show that geometric stability conditions are preserved under (). This can be
used to deduce the following result:

Theorem (D.)

Let X be a surface with finite Albanese morphism. Let G be a finite abelian group acting

freely on X and let S := X /G. Then (Stab(S))a = Stab®®°(S), and this is a connected
component of Stab(S5).

This disproves the expectation in the literature that there would exist a wall of the
geometric chamber on S.
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