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Projective Space

Let K be a field. Then we define:

> Projective n-space over K:
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The Grassmannian

Let K be a field, then we define:

Definition

Let n € M..g, and k € N with 0 < k << n. The Grassmannian of k-planes in K" is
the set:

GrlenN)= { o = Ameasinal linteryuddpois

o k"3

Gr(k,n) is a MGDU(J ‘sm(g

i.e. a geometric space whose points represent geometric objects of some fixed kind
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First Examples
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The Plucker Embedding
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Alternating Tensor Product

Definition

Let V be a vector space over K, and let k € M. Then the k-fold alternating
tensor product, denoted A*V is the quotient:

wv =V

where L={vy @& - & v |v..... vk € V. v; = y; for some i # j}.

For x € A*V we write: x = Z:\il aivi, A A, where g; € k.
-
bﬁ&?.
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AV Key Properties and First Example

What we need to know: Qdum\NI= V) ,\ l\:'._[n/ \h;--—tultelcn €N
> Alternating:

VA AVUA.. AV A AV =@v.n.-- !\mg A AVk
» Linear dependence: WA AN\ =0 (D \, ..M lineorny depdanf
> Basiss W Qv .- -2 oyl o V.
AV boais:  CoA- Al © ¢tk miLan) - Fvm \FV/
Consider A2C3, with the standard basis ej, &, e3 of 3. \
Lk V=e\+€q ,u =€ v9 e;([,s L'L)

VAW = (e AL+
= @A, +ez Ag, + €Né+CaA¢;

= 0O =-QAe, reAe; + €083
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Example continued

More generally, for any v, w & C*:

v =318 + ar& + azes,

w=bie + e + bzes. -
So we have: -~ >Cs8sS ?w
v A W= (albz — azbl)t’:‘l (2 2 (albg = 33b1)€1 P (32b3 — 33:52)82 M es.

V- (1 vecks :a VI ) = (peist in AKY)
Lin (@ see) = Linl Ny ’Mcfr.)
AR Ay =(A-Ae) eh- Ak /’\JCF
VA~ A = AWA-- Awe Act?

(= Lin(Vi--r Vi) =l (V0. s Ur-) =]
QUOTIENT
mstmnGa-: (n,n)u; A"'V” K(Q) Ly LK“,) fO_D /(\l _?

The Plucker Embedding

Definition
Consider the map:
f: Gr(k, n) — PG)-1 = p»

Lin(va, ... ve) — [va A A v

This is called the Pliicker embedding of Gr(k. n). For L € Gr(k, n), the

homogeneous coordinates of f(L) in P{) 1 are called the Pliicker Coordinates
of L.

9 WM Mpred: bodidV ViIN- AV £0
> W et
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Plucker Embedding Example

Consider Gr(2,3), where V = C3. l )-' L
Then: F L Ge (b 75) (> [P%- "'-"'[P

Using the standard basis, we denote the homogeneous coordinates of P2 by:
x12=e e x13=e€ ey X3 =e ey C:'-I;L i <77 :xzdj
Let L = Lin(ey + e, &1 + €3) & Gr(2,3). We saw already that:

(aat+e)r(atea)=—agrateareateaie

Sof(ty=[~V + V* 1)
Remark:

L cossescr () wied - '/ L
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The Grassmannian as a Projective Variety

witI-Then we can define a K-linear map:

Con Shes ue?m‘\-' \tein Gr (kA)
(=) Mencly = N-\<

— m;k-\,\a L‘.\(,._ (r\ ~K¥()X(ﬂ-l€{0 V‘M;ACQ o+ M\MYO‘_

Fix any

S pd%nhmls WM mamX ey = (geeh naty \ YAV

= Cr UKD iy crprgeehe venith .
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Extended Example: Gr(2,4)

Consider w € Gr(2,4) and let e, &, e, &, be the standard basis for C*. Then w

corresponds to the row span of the matrix:
e ¢, €sr¢y QﬂalP
M. - 41 g2 d3 aa
YT\ b b by
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Fel @, 2021 13714
Explicit equations for Gr(2, 4)

We denote the homogeneous coordinates of PG) 15 by xi;j:1<i<j<4

_'-'Lu; «" QCA"S O IV 3D Yo 0"0: toTr OJ
": 1

then we can write:

AR
W — [31,2 td13:d14 1823 434 33._4]
&~
w=aiperAetazefestager Na+ et anae eyt azgeshey
. w3
TUENSOUT : A

L e Grlle) (D W wwplthth rtducsle w=ViAVy

> WAW =0
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Explicit equations for Gr(2, 4)

So consider:

w=aiperMNe L ayzer eyt arger Aey Haae ey | asaer ey | azaey ey

W= a126 Moep 4 a1.361 M €3 + d1.4€1 Moeg + az 382 M €3 + a3 4€p N eq 4 a3 4€3 A"

. QINRN Nty
Thus w A w = (0\1 L@W

= (310834 — 313304 + 314323 + 3314 — 4313+ a3ad12)e1 N e fes ey

=2(a12834 — d13324 + d14a23)1 N2 ey Ny )

L

S
we Gr(2, 4) — lmwhaun =1 — e v {X1:2X3_‘4 — X13X24 + X1__4X2__3) c @ & dlﬁ

I _
- Grlue) iyl
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Counting lines in [P3.

Q: Given 4 general lines in 3, how many other lines intersect all of them?

Fox LCP3: § = (CcPlre: LN+ 4]
—

Aper \in- chmeopwodenab sasee

LCW? > Uinlene) & €Y

R, Yy Pen | 900
Ol o0

Tha ¥LEP, (3L, L LinlVi) vl

o (LG = e MvLdond s~ €F
Q- frag cre limcdy Sepuet- F
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Q: Given 4 general lines in *3, how many other lines intersect all of

them?
W% ON . Xy, 2¥0
| O Ao
t > ( O\ ¢k
Q\,h,\h,\h_, \O Qo

g = o006
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" dok- (0 &b
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-

COLES = Le\/(x: @c{? Wk M= V(o) EF
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Q: Given 4 general lines in P2, how many other lines intersect all of HA3, ¢ =0
them?

Coscch- cana — > (e & eqgann. /({
S0gumn Ly,.- Ly : (vn ¢ U o— HLq,

Zrbi;u- g = F’“““")n N n (\ “t‘l’ i

dimtp -\
Bézout's Theorem

Let Hi.....H, be hypersurfaces in P, with degrees d,. . ... d, respectively.
Assume that the H; have no common components, so that Hy M., .M H, is a finite

set. Then =
L mP{Hll----Hrr)sz."‘dﬂ

PEHN...NH,

where mp(Hy, ..., H,) is the intersection multiplicity of Hl, s H At Py

**(fu, w) =2 b | =2
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Any questions?
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