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ABSTRACT: Transaction fee mechanism design for blockchains is an active field of
research; however, much of the current literature focuses on a static model in which
users only care about inclusion in the next block. In contrast, this paper studies the
design of transaction fee mechanisms in a more realistic dynamic setting where
both transactions and blocks arrive over time and users face a dynamic tradeoff
between paying more for immediate inclusion or paying less for delayed inclusion.

In this context we show two main results. First we show that Proof-of-Stake
chains, where blocks arrive at deterministic intervals, have lower equilibrium con-
gestion and bids than Proof-of-Work chains with the same demand and through-
put. Second, we investigate EIP-1559, a dynamic reserve price mechanism intro-
duced to Ethereum in 2021. We show that, unlike in the static model, EIP-1559 is
not Dominant Strategy Incentive Compatible (DSIC) in the dynamic model. Fur-
thermore we show that rapid updates to the reserve price can lead to substantial
congestion for low willingness-to-pay users. We use these findings to study how
to improve on EIP-1559. In particular, we argue that slower updating rules for
EIP-1559 may alleviate the delays for low types.
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DYNAMIC TRANSACTION FEE MECHANISM DESIGN
1. INTRODUCTION

Popular blockchains face a difficult resource allocation problem: the supply of blockspace
is limited and inelastic, while demand is highly stochastic and often exceeds supply.
Therefore, blockchains must ration blockspace. Early blockchains such as Bitcoin and
Ethereum (pre-2021) used a pay-your-bid mechanism, in which users specify a transac-
tion fee that the miner/proposer receives if they include the user’s transaction in their
block. While easy to describe and execute from the perspective of the chain, this mech-
anism has drawbacks from the user’s perspective.' Figuring out how much to bid for
inclusion can be difficult for an uninformed user. Furthermore, even when users bid opti-
mally, the efficient equilibrium may lead to high ex-post regret for the user. Motivated by
this, Ethereum switched in August 2021 to a mechanism known as EIP-1559, a first-price
auction with a dynamically updated reserve price.’

A growing literature has studied the design of fee mechanisms under the unique con-
straints imposed by blockchains. We describe this literature in further detail below in
Section 1.2. A majority of this work, however, does not explicitly consider dynamic in-
centives and their interaction with the mechanism. In particular, a valid signed transac-
tion is eligible for inclusion in any block after it is submitted. In such a setting, a user
inherently faces a dynamic tradeoff between faster inclusion and lower fees. In thinking
about transaction fee mechanisms, therefore, it is important to think not only about the
incentives for the various parties within the context of a single block as has been studied
in the literature, but also about how these incentives play out over multiple blocks. This
paper carries out precisely such an analysis.

Transaction fee mechanisms aim to balance three core desiderata. The first is User Ex-
perience (UX): the mechanism should be easy for a user to participate in. Following the
market design literature (see, e.g., Pathak and Sonmez (2008)) this is often modeled as
dominant strategy incentive compatibility (DSIC): that is, truthful bidding is a dominant
strategy. The second is a throughput constraint: blockchains are computationally con-
strained environments, and therefore chains often require that the average number of
transactions processed not exceed some given amount even if individual blocks can be
larger.” A third desideratum is implementability: inclusion into a block is determined
!Bitcoin and Ethereum are currently the largest blockchains by market capitalization, at ~ $945 and $300
billion respectively.
2EIP, short for Ethereum Improvement Proposal, is the primary way Ethereum considers and implements
upgrades.
3In practice, transaction sizes vary and measured in units of gas. Ethereum blocks can use up to 30 million
gas but the chain targets an average usage of 15M gas per block, a number seen as balancing the needs of
validators to keep up with the chain as blocks are produced. We abstract from these complications here in

our model and simply consider a count of transactions, with a maximum number that can be included in
any single block, and a target average number.
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by profit-maximizing miners/ proposers/ producers can enter into off-chain side agree-
ments with users etc., changing the effective mechanism faced by the user—see, e.g.,
Roughgarden (2020). The goal of the designer therefore is to come up with a mechanism
that meets all these three desiderata. This is non-trivial. For example, the pay-your-bid
mechanism described above is implementable. However, optimally bidding in such a
mechanism may be difficult, and further, if the underlying demand is high, the result-
ing throughput may be higher than desired. Throttling this throughput can be achieved
by setting a well-chosen reserve price: the question then arises—how should such a re-
serve be set? EIP-1559 implements a dynamic reserve price which can go up or down
by up to 12.5% per block depending on the usage in the previous block. Further Rough-
garden (2020) shows that it is “typically” DSIC in a single block, while Leonardos et al.
(2022) show that the dynamic reserves achieve the stated goal of 15M gas per block. Is
transaction-fee mechanism design then solved?

In this paper, we argue that it is not. We describe our model and results in a little
more detail in Section 1.1, but prior to that, we wish to discuss the advantages of a dy-
namic approach to transaction fee mechanism design. First, our results show that the
choice of transaction fee mechanism can have subtle interactions with the dynamics of the
blockchain. For example, we consider a move from Proof-of-Work (PoW), where blocks
arrive at exponentially distributed intervals, to Proof-of-Stake (PoS), where blocks arrive
at deterministic, equally spaced intervals— Ethereum undertook precisely this move dur-
ing the Merge in September 2022 (see Figure 1). We show that even if average block times,
block sizes, and demand for blockspace are the same, the transition to proof of stake re-
sults in significantly lower congestion.

Second, switching from a static to a more realistic dynamic model exposes new weak-
nesses for mechanisms that behave well in the static setting. For example, Roughgarden
(2020) showed that EIP-1559 is close to dominant strategy incentive compatible (DSIC)
for sufficiently high maximum block size in the static setting. Roughly speaking, unless
the block is full, the reserve price acts as a posted price, and there is no need to strategize
in a static setting. But in the dynamic setting, where users face a tradeoff between fast
inclusion and low fees, we show that users once again must behave strategically in order
to maximize their welfare.*

More surprisingly, we show that EIP-1559 may cause substantial delays for low bids,
incentivizing bidders to bid more than they would have under the pay-your-bid mecha-
nism! Formally, we compare two mechanisms: the classic pay-your-bid mechanism and
a simplified EIP-1559 that is amenable to analytic solutions. We show that even though
4Indeed, there is already active research considering how time-insensitive users may optimally time the

submission of transactions to the blockchain in the face of such dynamic reserve prices: see, e.g., Mam-
ageishvili and Felten (2022) or Bar-On and Mansour (2023).
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FIGURE 1. Block Arrival Process Before and After The Merge
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Note: Data is from the week before block 15537393 (The Merge block) and the week after. Note that 24 second arrivals occasionally
happened after the merge due to missed slots. The exponential distribution plotted on the left has parameter y = ﬁ, which
corresponds to the average arrival rate of blocks before the merge.

both mechanisms would have the same throughput in steady state, i.e., both would re-
sult in the same average number of transactions served per block in steady state, users
pay more under EIP-1559 and low-paying users face longer delays! The reason is subtle,
but akin to the standard monopoly distortion in second-degree price discrimination, or,
equivalently, reserve prices in an optimal static auction a la Myerson (1981). There, the
seller extracts more revenue from high willingness-to-pay buyers by withholding from
low willingness-to-pay buyers. Here, users are time-sensitive and are paying for prior-
ity, i.e., to be delayed less. By delaying low willingness-to-pay users’ transactions, the
mechanism extracts higher revenues analogously. Our results therefore clear up a mis-
understanding in the literature— for example several influential papers have argued that
the dynamic reserve-price adjustment process in EP-1559 results in the usage of the chain
converging to the desired level Leonardos et al. (2021, 2022). A folk argument that is pop-
ular in the community therefore suggests that the resulting prices/ revenues must be the
“correct” market prices. We show emphatically that this is not the case!

1.1. Overview of Model and Results

Our starting point is the following simple dynamic model that well-approximates Bit-
coin, and Ethereum pre-2022: users arrive at a Poisson rate A and choose how much to bid
for inclusion of their transaction. A block producer is selected at a fixed exponential rate
i, and selects up to K transactions for inclusion—in particular, the producer selects the

3
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(up to) K highest bidders.” In the formalism of queueing theory, this is what is known as a
M/M/1 queue with bulk service. The M/M in M/M/1 signifies that both the arrival and
service process are memoryless, while the 1 signifies that there is a single queue. Bulk
service corresponds to the fact that multiple transactions may be included in the same
block. The analysis of bidding in this auction was first considered in Huberman et al.
(2021), and our analysis mirrors theirs.

The techniques developed in the study of these queues therefore allow us to con-
sider how the incentives change if the dynamics of the blockchain change. For exam-
ple, Ethereum switched in 2022 from a Proof-of-Work chain to a Proof-of-Stake chain. In
Proof-of-Stake, blocks are not produced at exponentially distributed intervals but instead
(at least to a first approximation) at deterministic time intervals—formally, this is now a
M/D/1 queue with bulk service (the D stands for deterministic).® Our first novel set of
results considers bidding for inclusion in such a blockchain. In particular, we show that,
even if the deterministic rate of production equals the expected rate of block production in
the prior Proof-of-Stake world, so that the expected amount of blockspace available per
unit time stays constant, the average waiting time, average congestion, and consequently
the bids are reduced by a factor of 2.

This replicates intuitions from queueing theory. Under exponential block arrivals, blocks
sometimes stochastically arrive early, which typically means few transactions have ar-
rived since the last block resulting in wasted blockspace, or alternatively,stochastically
arrive late, which makes it more likely that the number of transactions that have arrived
since the last block was mined exceed available blockspace, resulting in delays for (some)
users. In contrast, block arrival on proof of stake chains is deterministic leading to more
efficient use of the available blockspace and consequently lower wait times. Further, since
the incentive to bid is to gain priority, lower delays imply lower equilibrium bids.

Having constructed this model, we focus on the transaction fee mechanism currently
used by Ethereum, which is known as EIP-1559. This mechanism was formally studied in
the work of Roughgarden (2020), but at its core can be thought of as a first price auction
with a dynamic reserve price. This reserve price targets half full blocks in accordance
with the long term state growth constraints of the chain. The reserve price depends on
the previous block’s reserve price and on how many transactions were in the previous
block. If the previous block had a reserve r; and contained k; transactions (0 < k; < K)

5The left panel of Figure 1 shows that exponential arrivals are a good approximation of the historical PoW
Ethereum chain block arrival process.

®The right panel of Figure 1 shows visually that the deterministic block arrival process is an accurate model
of the Ethereum chain post-switch.
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then the new reserve price is given as:
ke 4
Teg1 =18 X (1 + 5) K72 7,

In other words, the reserve price in every period increases (by at most a multiplicative
factor of (1 + 9)) over the reserve price in the previous block if the block is more than half
full, and conversely decreases if the block is less than half full.

We model this formally using a simple 2-reserve price system. Blocks are of size 2, i.e.,
can contain at most 2 transactions. However, there is now a dynamic reserve price: if
the previous block is full, the reserve price in the next block is high, while if the previous
block is empty it drops to low. If the block contains exactly one transaction, the reserve
price stays the same as in the previous block.

We show that low willingness to pay buyers can be severely hurt under this mechanism,
i.e., their delay can be substantially worse than under a first price auction. This can hap-
pen even when the steady state demand is such that the average block is less than half full.
The intuition is fairly easy to describe: due to the stochastic nature of demand, reserve
prices will sometimes rise high and stay there for a while. When reserve prices are high,
low types cannot be served even if the blocks are not full but will continue to arrive and
accumulate. This can lead to substantial delays for such types. While our model is a (sub-
stantial) simplification of EIP-1559, it should be evident that a similar dynamic will apply
there too, as discussed in Leonardos et al. (2022).

We then consider the mechanism design question when explicitly accounting for the
dynamic considerations listed above. We show that two other mechanisms have good
properties under this setting. The first is a tweak to EIP-1559 as designed: we propose
that the updating rule associated with the base-fee be substantially slower. This can target
the same long-term average number of transactions-per-block, without causing outsized
delay for low types which we showed exist in EIP-1559. The second is a substantially
more ambitious proposal: essentially we propose the use of a dynamic VCG mechanism.
We argue that these do not suffer the miner incentive compatibility issues that static VCG

(i.e., uniform price) mechanisms suffer from in this setting.

1.2. Related Literature

Initial forays into transaction fee mechanism design considered the Bitcoin protocol. In
particular, early work noted that optimal priority fees in Bitcoin’s transaction fee mech-
anism were difficult for users to calculate in practice. However, switching to easier (i.e.,
strategyproof for users) mechanism such as a uniform price auction where all included
transactions pay the same, lowest bid that would have resulted in inclusion in the block,
was not implementable in the terminology of the desiderata we introduced above. In

blockchains, the planner (i.e., the protocol) does not directly execute the mechanism and
5
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instead relies on the miner/ proposer of the block. This miner/ proposer may have in-
centives therefore to deviate from protocol desired behavior in order to raise their own
revenue—for example, a uniform price auction incentivizes miners to potentially include
take transactions in the block to drive up the clearing price. Such points were made and
plausible variations studied in Yao (2018), Basu et al. (2023) and Lavi et al. (2022).

A key paper, whose results we rely on, is the work of Huberman et al. (2021). They
propose and solve a model of the Bitcoin TFM while explicitly incorporating dynamic
considerations: in particular that impatient users face a tradeoff between cost of inclusion,
and delay. Our analysis follows and extends theirs to Proof of Stake settings, and also to
EIP 1559.

Several other papers do consider a dynamic analysis, using a dynamical systems or
control theory perspective, but by necessity given the complexity of solving such mod-
els often abstract away from the dynamic incentives of users. Examples of such papers
include Diamandis et al. (2022), Leonardos et al. (2021), Crapis et al. (2023), Nisan (2023).

Another key paper in this space is the seminal work of Roughgarden (2020) (see also the
associated survey paper of Roughgarden (2021)). This paper was, to our knowledge, the
tirst in the field to explicitly consider a mechanism design approach, i.e., formally define
desiderata and incentive constraints and then understand which mechanisms are opti-
mal under those constraints. It used this approach to give foundations to certain design
choices made in EIP-1559. The paper inspired several subsequent important advances,
e.g., Chung and Shi (2023) which proved additional impossibility theorems for such set-
tings, and Chen et al. (2023) which considered relaxing the underlying solution concept
to Bayes-Nash equilibrium. More recently, Bahrani et al. (2023) point to additional dif-
ticulties faced by EIP-1559 under the current Ethereum market microstructure, formally
proving an impossibility result.

Finally, there are several new directions being pursued within this space. The first is an
attempt to use additional cryptographic primitives such as secure multi-party computa-
tion (MPC) to increase the set of achievable outcomes: see for example Shi et al. (2022).
Another direction is multidimensional pricing. Modern blockchains have multiple re-
sources such as computation, storage, bandwidth, etc, and different kinds of transactions
use these differently. Some papers therefore consider pricing these resources indepen-
dently or study related trade-offs—see, e.g., Diamandis et al. (2023).

2. MODEL

Transactions arrive at random. The number of new arrivals 7 in any given interval of

time v is distributed according to a Poisson distribution with parameter A:

. _ —Av (Av)r
A(r;v) = exp —
6
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Each transaction is associated with a unique user with type 6 = (6,, 6.)—here 0, is their
willingness to pay for a transaction, whereas their delay cost per unit time is 6.. The net
payoff of a user of type 6 whose transaction is included after delay W for a price (bid) of
b is:

U(W,b,0) =6, —6.W —b.
We assume that 6. ~ F|0,¢].

Transactions are served at intervals in batches of at most K transactions (blocks). For
most of our analytical results, we consider K = 2. While our theorems apply for K > 2,
analytic solutions as a function of other primitives cannot be achieved for K > 4, and the
model needs to be solved numerically in that case.” We assume that the intervals of time v
between blocks are independent of each other and have the same probability distribution
B, which has density dB(v) equal to a x?-distribution with an even number 2p degrees of
freedom, i.e.,

dB(v) = i P~ le 1y,
I'(p)

For the special case of p = 1, therefore, this reduces to a standard exponential distribution
with parameter u. Conversely, a deterministic arrival process can be approximated by
letting both p and u tend to infinity keeping their ratio constant.

We assume all participants know the system parameters and steady-state distribution,
and focus on time-invariant stationary strategies for the users. Formally, the congestion
queuing game we study can be described as follows: users arrive and choose whether
to participate and submit a bid, or opt-out and receive their outside option of 0. When
bidding they do not observe the current queue, i.e., we consider a steady state analysis
where a bidder of type 6 upon opting in submits a transaction of bid b and receives an
expected payoff that equals:

6, — b — 0. W*(b).
Here W*(-) is the equilibrium waiting time as a function of the bid given that all (other)
users are bidding according to a steady state bidding function b* ().

Straightforwardly, then, an agent’s incentive of how much to bid on the intensive mar-
gin does not depend on 6,, and is solely a function of 6.: 6, only determines whether a
user chooses to bid at all or takes their outside option. In the majority of what follows,
therefore, we ignore 6, and consider an agent’s type as only their impatience, i.e. 6.. Im-
plicitly, therefore, we are either assuming users have no outside option, or, alternately,
assuming that the support of user’s types is such that even the lowest value/ most impa-
tient buyer prefers to submit a bid than take their outside option.

“Ata high level, the reason for no analytic solution stems from the fact that polynomials of degree larger
than 4 do not have analytic solutions.
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By the revelation principle, we can consider an equivalent direct revelation mechanism
implementation of this, where users directly report their type 6 and receive an expected
delay and make a payment as a function of their bids. Formally, if the user reports type 6,
they receive a delay of W*(b*(6,)), and pays b*(6.). For b* to constitute an equilibrium,
therefore, it must be the case that, for every 6. € [0, ¢], we have:

6. € argmax 6, — b*(0.) — 0. W* (b*(6.)).
6.[0,]
Straightforward arguments from single dimensional mechanism design (see, e.g., Myer-
son (1981)) then give us the following.

THEOREM 1. Fix any pay-your-bid transaction fee mechanism such that there exists a steady-
state bidding equilibrium b* and corresponding delay as a function of bids W*. Then the following
must be true:

(1) W*(b*(6,)) is non-increasing in 6.
(2) The equilibrium bids and delay function must jointly satisfy:

b*(8:) = —0.W*(b*(6.)) + /O W5 (¢))de + 5(0). (1)

In particular equation (1) is the celebrated revenue equivalence theorem in this setting.
This theorem already hints at the simple economics of bidding for priority in transaction
fee mechanisms: users bid to avoid delays. The higher is the equilibrium delay suffered
by types who bid lower, holding everything else fixed, the larger is a user’s incentive to
bid to try and get priority. The proof is fairly straightforward and we reproduce it briefly
below.

PROOF. Let us define V(0,,0.) = 6, — b*(6.) — 0. W*(b*(6.)), i.e., it is the expected utility
of a type 6. that reports itself to be type 6. Incentive compatibility implies that for any
two types 6. and 60,, we have that:

V (e, 0c) = 6o — b (6;) — 6 (b7 (6;)),
= 6o — b*(6c) — 6V (b (0c)) — (8 — 0) W (0*(6¢)),
= V(0 00) — (B — 0) W (b*(6¢)),
= V(6.,0:) — V(0. 06.) > — (6. — 0L )W*(b*(6.))
Combining with the reverse inequality from incentive compatibility for 6., we have that
—(6c — 0)W*(b"(6)) < V(6c,6c) — V(6 0c) < —(6c — ) W™ (b"(6c))

Since this is true for any 6, 6/ it must be the case that for 6. > 6/ we have that W*(b*(6..)) >
W*(b*(6.)) otherwise the inequality above cannot be satisfied.

8
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Taking limits as 6. — 6. we have that U(6.) = V(6,, 6.) is almost everywhere differen-
tiable in 0., and has derivative W*(b*(6,)). Equation (1) follows. [

3. PURE PRIORITY FEE MECHANISMS

We first study the classic pay-your-bid, no reserve price mechanisms such as those used
by Bitcoin and early Ethereum. In this case, the bid establishes a straightforward form of
priority queueing Hassin and Haviv (2003). When a block is formed, it does not contain
the earliest arriving transactions, but instead the highest priority transactions (those that
pay the highest tips). Intuitively, therefore, users” delays given a bid depend only on the
arrival rate of transactions that bid higher. Since bids must be increasing in 6., we have
straightforwardly that delays in equilibrium depend only on the mass of transactions
with a higher priority. Therefore the right-hand side of (1) is purely a function of the
primitives of the problem (transaction and block arrival dynamics, distribution of 6;).
This allows us to determine the payments in equilibrium using Equation (1).

More formally, consider a standard first come first served queue. Given arrival rate A
of transactions, block arrival rate p and blocks of size K transactions, let us denote the
effective load as:

~

. A
=X
Denote by Q(p) as a function of the steady state expected queue length of transactions
given effective load p. This needs to be calculated for the underlying block and transac-
tion arrival dynamics. We can now straightforwardly show the following theorem:

THEOREM 2. Consider a transaction and let A be the arrival rate of higher-priority transactions
(i.e., transactions that offer greater fees. The expected time until the transaction is processed is a
function of the block size K, the arrival rate y and the load parameter corresponding to higher-
priority transactions, p = A/ (uK) and is equal to:

1 00(p)

where Q is the steady state expected queue length of transactions given effective load p. Here
Wk (+) refers to the expected waiting time for a transaction which has p effective load of higher-
priority transactions.

PROOF. By Little’s law, we have that:
AW(p) = Q

where W is the average delay, measured in number of blocks, for transactions when the
effective load is p.
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Consider now the priority queueing scenario were transactions of a higher priority are
served ahead of transactions of lower priority. Letting Wk () denote the expected waiting
time of a transaction when p is the effective load of transactions with high priority, we
have, by definition:

_ 1
W) = 5 [ Wclrdr.
k() 5 Jo k(r)dr
Substituing in the definition of p, this implies that:
p -
K,u/o Wk (r)dr = Q(p).

Differentiating with respect to p we arrive at.

_ 9Q(p)
KuW(r) = o 3)
After dividing both sides by ku the theorem follows. u

Therefore, straightforwardly, if we can determine the expected queue length of trans-
actions in a system as a function of expected load, we can determine the wait times for
a given priority via Theorem 2, and then calculate the equilibrium bid via Theorem 1.
The latter can be done leveraging standard techniques of these queues. In particular,
assuming that the type 6. = 0 submits an equilibrium bid of 0, we have the following
straightforward corollary of Theorems 1 and 2:

COROLLARY 1. Suppose the transaction fee mechanism is a pay-your-bid mechanism. Suppose
further in a priority queue, the wait time for a transaction measured in blocks is Wy/(p) given
effective load p of higher priority transactions. Assuming all users participate (i.e. do not take the
outside option, equivalently that 0, is high enough), we have that:

b*(0.) = —0.Wi (m}—i(gf))> + /OGC Wi (m;—;(c))) de

This corollary follows straightforwardly from Theorem 1, noting that the lowest cost
type 6. = 0 must submit a bid v*(0) = 0 in equilibrium and substituting in W*(b) =
Wk (p) where p is the effective load of transactions with higher costs (and therefore a
higher bid).

3.1. Exponential Block arrivals

Let us begin with the simplest model: blocks can contain at most K transactions and
arrive at an exponential rate y. We assume that y > KA, otherwise the queue will grow
unbounded in steady state.

Define the parameter p, which represents the average load of the system, as p :=
A/(Ku). Note that p € [0,1). The following standard result from the analysis of bulk

10
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service systems will be useful, see e.g., Section 4.6 of Kleinrock (1975). Our results in
what follows recover the results of Huberman et al. (2021).

LEMMA 1 (Kleinrock 1975). Consider a queue system of a single queue, with arrivals according
to a Poisson process of rate A > 0 and bulk service in batches of up to K > 1 with service times
exponentially distributed with parameter y > 0. Suppose that the effective load p = A/ (uK) €
[0,1). Then the queueing system is stable, and the steady state queue length Q has the geometric
distribution:
P(Q=1¢)=(1-20)z§ £=0,1,...

where zy = zo(p, K) is the unique solution of

2K (Ko+1)z+Kp =0 (4)
in the interval [0,1).

Note that the expected number of entries in a geometrically distributed queue with

parameter z(p, K) is 1302(09(5 %0. Therefore we have that
~iay — _ 20(p,K)
Q(p)— 1—20(,6,[()

THEOREM 3 (Huberman et al. 2021). Suppose inter-block times are exponentially distributed
with rate y. Consider a transaction and let A be the arrival rate of higher-priority transactions
(i.e., transactions that offer greater fees. The expected time until the transaction is processed is a
function of the block size K, the arrival rate y and the load parameter corresponding to higher-
priority transactions, p = A/ (uK) and is equal to:

1 1

Eip) = =
W) = ) Kp— (K D)) ®

where zg is the polynomial root of (4) defined in Lemma 1, and WE(-) is the expected wait time

(the E in the superscript here refers to exponential).

PROOF. From Theorem 2, we have that
WE(D) = o
_ 1 90 z(pK)
~ Kudp1—2(p,K)
1 1 dzo (P, K)
Kp (1—120)2 9p

Calculating %’;’K) from equation (4), the result follows. |

11
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Some straightforward applications now follow from this characterization in the case of
K=1,2.

3.1.1. One Transaction Per Block. First, suppose that K = 1, i.e., blocks can contain only 1
transaction. In this case, (4) reduces to

22— (p+1)z+p=0

In this case, we straightforwardly have that roots are p and 1, and therefore, the unique
root in [0, 1) must be zy(p, K) = p. Plugging into (5), we have that

1
WE(p) = ————;,
1 (p) V(l _ p)z
and therefore applying Corollary 1,
1 Oc 1
b*(6;) = —6 ~|—/ dc (6)
(6c Cy(l _ A(lfyF(Gc))z 0 u(1— /\(1;(]1;(0)))2

3.1.2. Two Transactions Per Block. Now, suppose that K = 2, i.e., blocks can contain up to
2 transactions. In this case, (4) reduces to

22— (20+1)z+20=0

In this case, we have that the unique root in [0, 1) must be
1

20(p) = 5 (VI8 —1).

Plugging into (5), we have that

1
Wy (p) = _ _ _
#0225~ 3%
where zj is as given above, and again we have that:
A1~ F(6c)) O A= F(c))
* _ E E
b*(6) = —6. W ( % + /O Wi o) e @)

3.2. Deterministic Block Arrivals

As we described earlier, deterministic block arrivals are a feature of Proof-of-Stake
chains, where a random proposer of a given block is selected by the protocol to propose
a block at deterministic time intervals, rather than via the inherently stochastic process
in Proof-of-Work protocols where the proposer is the first to find a solution to a particu-
lar “cryptopuzzle.” Figure 1 shows that after the switch to Proof-of-Stake, the Ethereum
protocol block arrival process is well-approximated by a deterministic process. Let 1/u
now denote the deterministic inter-arrival time between blocks. The following result from
Bailey (1954) and is the analogue to Lemma 1 in the deterministic block arrival setting;:

12
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LEMMA 2 (Bailey 1954). Consider a queue system of a single queue, with arrivals according to
a Poisson process of rate A > 0 and bulk service in batches of up to K > 2 with service times
determinstical with interarrival times 1/u. Suppose that the effective load p = A/ (uK) € [0,1).
Then the queueing system is stable, and the steady state queue length Q has a generating function
L1 given as:
S miE )

zZKexp{Kp(1—2z)} -1
Here 7t for j = 0,... K — 1 are the solution to the system of equations:

I(z)

K-1

Y (K—j)m=K(1-p),

=0

K-1 .
Vie[K—1]:) mi(zl—z)=0

=0

where z;, fori = 1,...,K — 1 are the K — 1 roots of zZK exp{Kp(1 — z)} — 1 = 0 with |z;| < 1.

Given the probability generating function I'l(z) is known, note that the expected queue
length can simply be calculated as IT'(1). Calculating and simplifying, we have that the
expected queue length Q is:

. 1-K1-p)? & 1
0= 2(1-p) +21_Zi ®

i=1

As in the previous section, we can now apply our theorem to deliver explicit results for
K=1,2

3.2.1. One Transaction Per Block. Note that in this case, we have that (8) reduces to

- 1—(1-=p)2
o= i=g
g i 2(1p— 0)
AR
— aa_% e 1p)2
and therefore we have that:® ,
WlD(p) = m,

8Here the D superscript refers to deterministic block times
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and therefore applying Corollary 1,

1 1

¢
+
2u(1 — A(lfyF(Gc))z 0 2u(1— A(lgi(c)))z

Comparing with (6), we have that equilibrium bids halves relative to exponential block

dc )

arrivals, even though the demand process and the expected block production rate of the
chain is the same in both cases! As we discussed earlier, the reason is related to the
variance in block arrival times: with exponential arrivals, blocks sometimes arrive very
soon after the previous block, and therefore go empty (since no new transactions have
arrived), while other times blocks arrive late, during which period substantial demand
has built up.

This straightforward observation is nevertheless useful, given our earlier stated desider-
atum of User Experience. Admittedly, first price auctions are not dominant strategy in-
centive compatible. Nevertheless, having a smaller range of equilibrium bids, and less
variance, means that the user’s problem of figuring out how much to bid is simpler un-
der Proof-of-Stake than Proof-of-Work, holding all else constant!

3.2.2. Two transactions Per Block. Substituting K = 2 into (8), we have

—2(1—p)? 1
20—p) T1-z

- 1

Q =
where z; is the solution of

Z2exp{20(1—2)} —1=0,

ie.,

(o) = W (Ve R) gz, o
z1(p) = 0 p dp—\/m.

where W/ is the standard product log/ Lambert W function.” Further recall that we have
that:

b 1 1 dzn
MO =t

where z1 (), ”fi—zﬁl are as given above.

b*(8c) = 6 Wy (—)‘(1 _KI;(QC))> + /OGC Wy (—A(l ;:(C))) de (10)

3.3. Numerical Comparisons

We are now in a position to use our results above to do some simple numerical com-
parisons. Formally, suppose A = K and y = 2. Therefore the effective load overall under

We apologize for the notation overload.
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both K = 1 and K = 2is . Suppose further that 6, is distributed uniformly over [0, 1].
The bid functions for the 4 cases are plotted below in Figure 2.

4. EIP-1559

We can now formally consider EIP-1559 under the same framework. In particular, The-
orem 1 allows us to compute the equilibrium bids as a function of equilibrium delays. In
what follows below we first provide a formal description of EIP-1559 for the reader, and
provide straightforward evidence that it is not dominant strategy incentive compatible in
a dynamic setting.'’

4.1. A Brief Summary of EIP-1559 and Some Empirical Evidence

Recounting our discussion from earlier, EIP-1559 essentially introduces a dynamic re-
serve price (within the Ethereum community, this is called a base fee) to the first price
auction.'’ The dynamic reserve price in a block is computed as a function of the previous
block’s reserve price, and the “fullness” of the previous block: as we described earlier, in
our context where all transactions are equally sized, if the previous block had a reserve
r¢, contained k; transactions (0 < k; < K) then the new reserve price is given as:

Tig1 =T xexp{(Kk—/tZ—l) ln(l—l—é)}.

10We hasten to add that this is not an “error” in the existing literature. Roughgarden (2020) for example,
explicitly considers a static setting, and therefore our dynamic considerations do not apply.

Hin order to ensure what we term as implementability, i.e., so that the proposer does not have an incen-
tive to undercut the proposed reserve price, the reserve price for any included transaction is burned, i.e., it
accrues to the protocol rather than to the proposer. The proposer keeps the portion of included bids that ex-
ceed the reserve, incentivizing them to include the highest bids above the reserve price up to the maximum
block size. This was formally argued in Roughgarden (2020).
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The explicit parameter chosen is 6 = 12.5%, i.e., a full block increases the reserve price
over the previous block by 12.5% while an empty block reduces the reserve price by the
same factor. Implicitly therefore, assuming some elasticity of demand, the dynamic re-
serve price mechanism targets blocks to be half-full on average. As we described earlier,
this attempts to tradeoff the fact that in the short-run, the Ethereum validator networks
are able to process larger blocks, but the long-run average must be roughly half-full blocks
at the current max block size (of 30M gas).'?

Note the reserve price of a block is known in advance of the block (since it only de-
pends on the previous block’s reserve price and fullness). A straightforward argument
then delivers that in a static context, this mechanism is “almost” dominant strategy. In
particular, consider a user interested only in inclusion in a given block. The reserve price
at that block is known. If the maximum possible block size is large enough relative to
the stochastic arrival rate of transactions, then a block will rarely be completely full, and
therefore the user can a) guarantee inclusion at a bid slightly higher than the reserve price
and b) has no incentive to bid any higher than that.

It is instructive to look to the data to see how well this performs. We collected the
base fee (i.e., reserve price) and the gas used for 200,000 blocks from block numbers
18,700,000 through 18,899,999.13 These blocks span roughly a month’s worth of Ethereum
blocks from Dec-02-2023 through Dec-30-2023 (at 12 seconds per block, Ethereum pro-
duces 216000 blocks per 30-day month). Firstly, on our data, the average gas used per
block is 15.107 million, i.e., fairly close to the desired 15 million gas target. Further, only
4219 blocks in the data are more than 99% full. Since the average block contains 150-200
transactions, this means that for the remaining ~ 196,000 or 98% of blocks in our sample,
a bid of slightly higher than the known base fee would guarantee inclusion. In that sense,
indeed, bidding the current base fee is an "almost" dominant strategy for an impatient
user since it guarantees inclusion with high probability.

When considering the dynamic setting, however, the story is different. Gas fees vary
quite substantially from block to block. In our data, the average absolute percentage
change between successive blocks was 3.25%. An example of these fluctuations can be
seen in Figure 4.

A user who is willing to wait, therefore may achieve substantial savings by waiting for a
later block with a lower base fee. Since future base fees are unknown from the perspective
of a current user, there is therefore a non-trivial tradeoff: achieve inclusion (with high
m transactions increase the size of the state that the underlying virtual state machine must track.

The 15M target average therefore is intended to limit the average rate of growth of the state, in order to be
manageable for the underlying hardware.

130ur data and code are available upon request, Ethereum has a standard API for gathering this data from
a node, but a reader interested in gathering the data for themselves will need an API key from a provider
such as Infura or Alchemy.
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TABLE 1. How often can a user save the discount percentage, in hindsight,
within the given window, for N=10,000 random start times in our dataset.

Window 1% discount 5% discount 10% discount 20% discount
5 blocks 8009 4564 1183 28

50 blocks 9555 8290 5570 1267

300 blocks 9887 9527 8294 4150

probability) at the current base fee or wait and possibly save money in a future block. To
demonstrate this we considered the following simple exercise: randomly draw N starting
blocks (corresponding to the “birth” of the user’s desire to transact). Consider a window
in the corresponding K blocks, where we considered K = 5,50 and 300 corresponding
to the idea of waiting for 1 minute, 10 minutes and 1 hour respectively. How often can
the user transact at a certain discount given this window? Table 1 summarizes what we
found in our data. For example, in hindsight, given a random starting point and a 5 block
window;, there exists with high (~ 80%) probability a block in the window with an at least
1% lower base fee, and ~ 46% probability a block with 5% lower base fees. Given a longer
willingness to wait, of 50 blocks, even more substantial savings are possible, with a ~ 56%
probability of a block in the window with a 10% lower base fee and ~ 12.7% probability
of a 20% base lower! The latter rises to ~ 41.5% given a one hour (300 block) window.
This of course is only indicative since these calculations are in hindsight: nevertheless it
suggests a substantial role for strategizing if the user is willing to tradeoff delay with cost.
Of course the user’s problem is harder still: they face an optimal stopping problem which
requires them to estimate the distribution of base fees in order to know when to submit a
bid!

4.2. A Simplified Model of EIP-1559

We can now explicitly consider EIP-1559. We restrict attention to K = 2 transactions
per block. For the purposes of analytic expression, we consider a simplification: there are
two possible reserve prices, a low reserve r; normalized to 0 and a high reserve, ry. The
reserve price in a block is determined as a function of the previous block: if the previous
block is full, the reserve price moves up to ry, if the previous block is empty, the reserve
price moves down to 0, and the reserve price stays unchanged if the block is half full. We
continue to analyze this within the context of the steady-state model — i.e., a user upon
arriving does not observe the current reserve price or state of the queue, they simply
submit a bid that maximizes their expected net payoff in the steady state.

Suppose A is the rate of arrival of transactions that are willing to pay a fee that exceeds
the high reserve price ry, and Ay is the rate of arrival of transactions that are not. Note
that by assumption we must have A = A + Ap.
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FIGURE 3. Expected queue length for L type transactions under EIP-1559

EIP1559 Priority Fee

It is advantageous to analyze this system via the embedded markov-chain prior to a
block arrival. Formally, consider a 3 dimensional state: (r,qr, ) where g and g are
the number of L and H type transactions in the queue respectively. Letting a; and ay be
the random number of transaction arrivals of each type in that period, we can describe
the state transitions as:

(re, 9L, 9m) rL,qr+ap,ap) ifqgg =0

r,qr +ar, (gg —2,0)" + ay) otherwise,
("L, 91,98

(rL,qL,q9u rH,qL+ap, gy —2+ag) ifqg > 2

ta,qr —1+4ap, ap)

— (
— (
— (rp,ap,ag)ifqr +gu <1
— (
(re.qe,1) = (
— (

)
)
)
0)

(TL/ CIL/ rH, 5]H 2 + ar, HH)

Using standard techniques, we can write down the recurrence equations that define
the steady-state distribution over these states in this setting. In the appendix, we analyze
precisely this object. In the body of the text here however let us satisfy ourselves with
simulations. Figure 3 shows the expected wait time of L types as a function of Af, Ay €
[0.25,0.5]. In the simulation we have assumed that 4 = 1 and K = 2. Note that this
means that the maximum effective load in the simulation, which occurs when we have
the highest possible A = Ay = 0.5,1is 0.5, i.e., substantially smaller than 1. Nevertheless,
by visually inspecting Figure 3, we see that low types” expected queue length is ~ 6, and
by an application of Little’s law, this corresponds to a waiting period of 12 blocks! For
comparison, the queue length for these transactions under a no-reserve first price auction
is ~ .66.

These queue lengths imply two things:
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(1) Firstly, low-type transactions are severely disadvantaged under this simplified
model of EIP-1559 relative to the pure priority mechanism.

(2) Secondly, applying the pricing formula from Theorem 1, ri can be substantially
higher than what those types would have bid under a first price auction.

The reason for the former is easy to explain: once prices move high, an empty block
is needed to bring prices back down. Even though there may be available blockspace
in the interim, it is priced out of reach of the low type, leading to the low type needing
to wait until an empty block. The resulting delay is indeed shown to be substantial,
even when the effective load is such that the chain is uncongested. Formally, from the
perspective of transactions that submit bids below the high reserve price rg, it is as if
the block production process takes a vacation whenever the chain moves into the high
reserve price state. During this period (of length a stochastic number of blocks), low-bid
transactions continue to arrive, but none are processed.

The latter then follows from a standard economic monopoly distortion intuition we
discussed in Theorem 1 under EIP-1559 the low type is served inefficiently (with large
delays). This makes the high type willing to pay more to avoid being delayed.

Part of the underlying rationale for the dynamic price in EIP 1559 was to limit blocks
to being half full on average in order to limit state growth, while still allowing for full
blocks during periods of high demand. However, in our simulations, all transactions are
served in steady state regardless of the choice of mechanism so there is no difference in
state-growth: our parameters are selected so that the average block is less than half-full
in steady state. However, EIP-1559 raises substantially more revenue (which was not
a design goal of the mechanism), while, or more precisely in part due to the increased
delays for low willingness-to-pay users.

4.3. Slower Updating Reserve Prices

So far we have analyzed our model in the context of steady-state under a fixed arrival
rate of transactions. In doing so, we have deliberately hamstrung EIP-1559’s dynamic
reserve price mechanism to make the starkest possible reserve. In particular, the dynamic
reserve price was meant to find the correct reserve price to achieve a targeted long-run
average use of the chain (in order to limit state growth etc). The dynamic process needs
to do able to do this even if the underlying demand characteristics, i.e., arrival rates are
changing.'*

Since arrival rates here in our model are fixed, in steady state the reserve price should
be as well. However, the point remains well-made: it appears that the current implemen-
tation of EIP-1559 has dynamic reserve prices that are far too sensitive to the previous

14B]ockehain usage famously follows cycles of boom-and-bust periods that last several months each.
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FIGURE 4. Fluctuations in Ethereum Base Fee over 1000 blocks (3.5 hours)
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period’s block size, and the inherent stochasticity of transaction arrivals means that re-
serve prices are also fairly volatile (recall that we showed above that the average absolute
percent change in the base fee is ~ 3.2%).

This volatile base-fee has 2 downsides: first, when users are willing to trade-off delay
and inclusion, the randomness in the base-fee turns the user’s bidding problem into a
fairly complex stopping problem. Secondly, the base-fee can move up for short periods
explicitly due to a large number of arrivals in some interval while the underlying arrival
process is stable. These periods produce delays for low willingness-to-pay users even
without changing the steady-state usage of the chain!

Motivated by this, we propose a simple remedy: slow down the base-fee updating pro-
cess so that updates to the base-fee reflect changes in the underlying arrival parameters
rather than short-term stochastic bursts. Formally, consider an additional parameter N
and let k; y be the average usage/ number of transactions in the previous N blocks from
period t,ie,t — N+ 1,t — N +2,...t. Define the update rule as:

k
Tii1 :rtxexp{(KL/l\;—1> ln(1+5)}

There is now an additional parameter that needs to be selected: N. Choosing this N
depends on additional considerations for example how many consecutive blocks can the
chain stably process blocks that are fuller than the long-run target size. However, for a
well-chosen N,
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(1) Over windows of size < N, base fees will be roughly stable. Users can there-
fore bid according to the first-price auction logic described in Section 3, and even
guarantee reasonable inclusion probabilities at or near the base fee.

(2) Over windows of size > N, average usage of the chain will converge to the desired
target of K/2.

5. CONCLUSIONS

In this paper we built on the (small) literature that explicitly considers the dynamic
aspects of transaction fee mechanisms. We have two major takeaways:

(1) Proof-of-Stake chains have lower delays and therefore lower bids relative to Proof-
of-Work chains. In particular, to the extent that transaction fee mechanisms were
designed to improve user experience (UX) and make fees more predictable, Proof-
of-Stake already goes a long way towards achieving this.

(2) The dynamic reserve price, at least in the context of our model does not opitmally
serve the stated goal (of limiting throughput/ state growth): in particular it raises
more revenue than is socially efficient, by inefficiently delaying low types and
causing high types to pay higher fees.

The latter finding lends itself to an easy tweak to the EIP-1559 mechanism: if the goal is
to limit long-term state growth, this may be better achieved by having a dynamic reserve
price that adjusts slowly. Under the EIP-1559 process, random variation in arrivals (due
to stochasticity of the arrival process) can lead to excessive increases in the reserve price,
and corresponding delays for the low types. In other words the mechanism may be fooled
by randomness.

We conclude with a final possibility— implementing Dynamic VCG mechanisms. As
we discussed earlier, a desideratum that has attracted much attention is DSIC, i.e, domi-
nant strategy incentive compatible mechanisms. In the single-block context, this reduces
to a uniform price auction (or if K transactions are included, a K + 1*-bid auction). How-
ever, multiple authors have pointed out that this is not incentive compatible for the min-
er/ validator: a validator will have an incentive to include fake transactions to increase
its own revenue. This is akin to the concept of shill bidders in traditional auctions.

However, in the dynamic setting, we may be able to design DSIC mechanisms, or at
least, mechanisms that are DSIC for most users, that also satisfy miner incentive compat-
ibility. '
me plausible model is one in which each user has a private value v, a time of arrival f and a
deadline . All 3 components are private information to the user: v is interpreted as before, ¢ is interpreted
as the time at which the user learns they need to transact, and the deadline is the time after which inclusion
has no value to the user. The latter captures a binary form of discounting, i.e., transacting either has a fixed
value or none at all. This model has been considered in revenue management settings, see, e.g., Pai and

Vohra (2013).
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In this setting, consider the dynamic VCG mechanism:

(1) Users report (60, 0.) at or after their arrival.

(2) When constructing a block, the miner selects the expected efficient (highest value)
K transactions among those available.

(3) For any transaction that is included, the stated willingness to pay 6, — D6 is es-
crowed by the blockchain, where D is the number of blocks that have passed since
the user reported.

(4) At the deadline that equals 0, /6, at which the user’s willingness to pay drops to
0 the chain calculates the lowest price that would have allowed for inclusion, all
else fixed. The remainder is refunded from the escrow.

The mechanism described above is DSIC for users—essentially, this is a dynamic VCG
mechanism (see e.g., Bergemann and Said 2010). Further the miner incentive compatibil-
ity violations of uniform price auctions will apply here only for transactions that expire
in the block that they are included. Assuming most transactions are sufficiently patient
that they are filled well before expiry, we have a mechanism that is DSIC for users and
has no shill-bidder incentives for miners. Of course, the incentives of miners/ proposers/
builders to efficiently pack blocks is not clear here— they may be incentivized to prefer
transactions that are at or near expiry, since these transactions will have more certainty in
terms of what revenues they yield upon inclusion. We leave this topic for further investi-
gation.
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APPENDIX A. A STEADY-STATE ANALYSIS OF EIP-1559

We now turn our attention to analytically studying the wait-times for transactions that
do not bid up to the high-reserve price in our simplified 2-reserve-price model of EIP-
1559. As we discussed earlier, from the perspective of such transactions, the block arrival
process randomly takes “vacations”: in particular, whenever a block with a low reserve
price takes 2 transactions (which, in turn, occurs when there are at least 2 transactions
waiting), the reserve price switches to high and does not return to low until there is an
empty block.

Let us therefore consider the following discrete markov chain where the state is the
number of low bid transactions (i.e., lower than the high reserve price) right before a
block with a low reserve price. If n is the number of such transactions, denote by p, the
steady state probability of such a state occurring. Observe that if n > 2 then the next
block necessarily has a high-reserve price. The corresponding next state in our markov
chain will correspond to the state of the queue at the random first future block where
reserve price is low. During this period some stochastic number of low bid transactions
will arrive and be added to the queue. Let us denote the probability generating function
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of arrivals in this case by A(z), i.e.,
A(z) =Y aZ, (11)

where 4; is the probability of exactly i arrivals in this period. Conversely, if n < 2, it is
possible conditional on few enough arrivals that the very next block has a low reserve
price. Denote the corresponding probability generating function by B(z), i.e.,

B(z) = i biz'. (12)
i=0

Finally, we will need 3 numbers cg, c; and c;. The first is the probability of 0 high-type
arrivals during the period between blocks, the second 1 arrival and finally the latter 2
or more arrivals. Note that c¢o + ¢; + c2 = 1 by definition. All of A, B, and ¢ can be
determined given the arrival process of low- and high-type transactions, we do this in the
sequel.

Let us now write down the following:

xg = (1 —c2)po + cop1,
xa(n) = c2pn + C1Pns1 + CopPni2-

We now have that in steady state, the recurrence equation that describes steady-state
probabilities is given by:

n
Pn = Z anfij(]‘) + ban (13)
j=0

Let us describe how this was derived in words. How can a queue in steady state have n
low-type transactions prior to the arrival of a low-reserve price block. The first way is that
the previous low reserve-price block had 0 low-type transactions and at most 1 high-type
transaction arrived in the block interval preceding that, or 1 low-type transaction and 0
high-type transactions in the block preceding that. That way, the previous block ends with
0 transactions waiting in queue, but the price stays low.!® Then b, transactions arrive.
This is the latter term. The other way is similarly that the previous low-block ended
with j transactions but the price was switching up to high, and then 4,,_; transactions
arrive before the price switches back down to low. The former term sums over all such
possibilities.

We can now calculate these steady state probabilities using the standard probability
generating function method. Formally, multiply each (13) corresponding to p, by z" on

161£ 2 or more high type transactions arrived, then the price must be rise to high.
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both sides, and sum.

Z pnz" = Z Zﬂn ]XA j)z" + Z b,xpz"

n=0;=0 n=0
= Z Zan 2" (capj+ c1pjs1 + copjs2) 2 + B(z)xp
n=0j=0

Note that the left hand side is the probability generating function for this markov chain,

which in keeping with our convention we will denote as P(z) so we can write this as:

o0 n
Z Z ay—jz"" C2PJ tapipt COP]+2) 2 + B(z)xp
n=0j=0

z z2

© 7 ) vt capi ozl T2
=Y ) a, 2" (czpjz] 4 aPE | COPj2 + B(z)xp
n=0;=0

:A(Z)Czp(z)—l—A( )Cl( Z( ) Po) ( )CO( (iz PO_Plz) B(Z)XB.

Collecting terms we therefore have that:
B(z) ((1 —c2)po +cop1) — A(z) (% + W)
1- CZA(Z) - Cl@ — CQM

72

P(z) =

z2B(z) ((1 — c2)po + cop1) — A(z) (poc1z + poco + p1coz)
22 — cpA(2)z2 — c1A(z)z — A (2) '

To determine pg and p; we can use the following facts. First, P(1) = 1. Note that the

— P(z) =

numerator and denominator both evaluate to zero at z = 1 since A(1) = B(1) =co+c¢1 +
¢ = 1. We can use L'Hospital’s rule. Note that the derivative of the denominator with
respect to z is

—cgA(2) — c1zA(2) — 0222 A (2) — 1 A(z) — 200zA(2) + 2z.
Evaluated at z = 1, observing that A(1) = 1 by definition, we have
=2 ¢ —2c— A'(1)
Similarly, the derivative of the numerator with respect to z equals:
—((c1p0+cop1) A(2)) +2((1 = c2) po + cop1)zB(2) — (copo + c1poz +cop1z) A’ (2) + (1 = c2) po + copr )2

and substituting in z = 1, we have:

—((e1p0+cop1)) +2((1 —c2)po +cop1) — (copo +c1po+cop1) A'(1) 4 (1 —c2) po +cop1) B' (1)
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Therefore we must have that:

—((c1p0 +cop1)) +2((1 — c2)po + cop1) — (copo + c1po + cop1) A'(1) + ((1 — c2)po + cop1)B'(1)
2—c1—2c— A(1)

As an example, note that the arrival process of low type transactions is known to be

=1

Poisson with arrival rate Ar, so B(z) = exp(AL(1 — z)). To simplify further, suppose that
only 0, 1, or 2 high type transactions arrive in each period. In this case, upon a switch to
the high price, there can be no pending high-type transactions, and the number of periods
of high prices is geometrically distributed with stopping probability co, i.e. probability
of there being k periods of high-prices is (1 — cy)¥~!co. Let us denote this probability
generating function of this distribution by H(z), where we know that

CoZ
T 1- (1—co)z
Therefore we must have that A(z) = H(B(z)), i.e.,

B coexp(AL(1—2z))
Alz) = 1—(1—co)exp(AL(l—z))

These can be substituted into the probability generating function to find an analytic ex-

H(z)

pression for the expected queue length, and therefore the average wait times via Little’s
law.
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