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Abstract

The standard quadratic program (StQP) minimizes a quadratic form over nonnegative variables
that sum to one. We compose classical graph reductions with regularized Motzkin—Straus clique
formulations to express discrete optimization problems in this continuous domain. The graph matrix
has diagonal entries 7, zeros on edges, and ones on nonedges. For 0 < 7 < 1, its minimum is 7/w(G),
where w(G) is the clique number. Its strict local minimizers are precisely the uniform distributions
on maximal cliques, and its global minimizers encode maximum cliques. At 7 = 1/2, integer
scaling gives coefficients in {0, 1,2} and minimum 1/w(G), yielding an NP-complete StQP threshold
problem with a restricted coefficient alphabet. We give explicit formulations for satisfiability,
coloring, Hamiltonian cycles, independent set, vertex cover, set packing, three-dimensional matching,
and graph isomorphism. A regularized weighted clique formulation combined with local-state
compatibility graphs gives an exact compiler for finite-domain factor models specified by complete
local tables, including QUBO, with at most four simplex coordinates per binary pair factor. The
catalog covers Karp’s 21 problems: twelve use direct graph formulations, and nine use factor-state
formulations, including six obtained through binary-linear feasibility. For each route we record
dimensions, coefficient structure, and recovery rules. We analyze interaction count, coefficient
range, objective separation, perturbation tolerance, support recovery, and decoding overhead. The
separation bounds quantify the effects of clique size, factor weights, and offsets. In the complete
factor-state construction, every assignment, including each suboptimal assignment, is a strict local
minimum.

Keywords: standard quadratic programming; simplex; NP-completeness; maximum clique; constraint
satisfaction; QUBO; Ising model; combinatorial optimization; analog optimization; simplex quadratic
annealer.
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1 Introduction

The Ising Hamiltonian and its equivalent quadratic unconstrained binary optimization (QUBO) form
serve as common compilation targets for optimization algorithms and hardware. A large body of work
maps logical, graph, packing, covering, routing, assignment, and scheduling problems to pairwise binary
interactions, and those mappings have helped define the interface of quantum annealers, coherent
Ising machines, simulated bifurcation systems, and related platforms [1-9]. Lucas’s catalog of Ising
formulations for many NP problems, including Karp’s 21 classical NP-complete problems, is an
especially influential expression of this viewpoint [3, 10].

That interface is binary by construction. For a device whose native state is a normalized, nonnegative
vector, such as an intensity or population profile, a simplex formulation may provide a more direct
interface. Converting to a binary representation can introduce discretization, one-hot constraints, or
consistency penalties, depending on the encoding; these costs are not inherent to every Ising model.
This paper develops a formulation catalog for the simplex and compares its costs with those of binary
alternatives.

The continuous model considered here is

v(Q) := min z' Qx, Ay = {x eRV:2>0, 172 = 1} , (1)
TEAN
where @ € SV. This is the standard quadratic program (StQP) [11]. The state is continuous
but compact, nonnegative, and normalized. A coordinate may be interpreted as mass, probability,
population, intensity, or allocation, and @),, measures a pairwise interaction between coordinates u
and v.

At first sight, replacing binary variables by simplex variables seems poorly suited to exact combina-
torial encoding. Normalization is what makes it work: it turns positive cross terms into incompatibility
penalties. If two coordinates represent mutually inconsistent local choices, assigning mass to both
incurs a quadratic cost. If compatible choices interact with coefficient zero, global minimization seeks
a mutually compatible support. A diagonal term controls the concentration of mass on that support.
For a carefully chosen three-level matrix, the optimal support is a maximum clique and the optimal
vector is its barycenter.

In the formulations studied here, discrete choices are recovered from the support of a normalized
continuous state. The matrix specifies incompatible pairs, while diagonal coefficients determine the
optimum on each compatible support. We compare the dimension, connectivity, precision, and decoding
costs of this representation with those of problem-specific binary formulations.

1.1 Scope and contributions

The regularized unweighted and weighted clique formulations provide the mathematical foundations
[12-14]. We state and prove them in a common minimization normalization so that the matrix entries,
objective values, and decoding rules can be used throughout the catalog. The paper develops four
aspects of this formulation framework.

C1. Explicit formulations and a complete catalog. We compose classical compatibility-graph
constructions with regularized clique StQP formulations. For Karp’s 21 problems, twelve routes
use direct unweighted or weighted graphs and nine use factor-state formulations, six of them
through binary-linear feasibility. Each entry specifies its route, dimension or encoding-bit count,
decision or recovery rule, and principal representation cost.

C2. A common factor-state formulation and its landscape. We combine positive local-state
weights, consistency graphs, and a weighted clique matrix with binary off-diagonal entries. For
complete rational factor tables the construction is polynomial in their explicit encoding length; a
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binary model with n, unary factors and m pair factors uses at most 2n,, +4m simplex coordinates.
We give an exact recovery map and show that every complete assignment becomes a strict local
minimum (Corollary 5.8).

C3. Objective separation and decoding guarantees. We record the NP-complete threshold
problem associated with the coefficient alphabet {0, 1,2} and derive graph decision-value sepa-
rations, perturbation tolerances, and factor-model separation bounds. We analyze how offsets
and attainable energy spacings enter these bounds, and connect objective accuracy to a specified
decoding procedure.

C4. Representation-cost comparison. We compare simplex dimension, interaction count, coeffi-
cient range, objective resolution, support recovery, and decoding overhead with strong problem-
specific binary formulations. These quantities define the costs that a computational evaluation
must measure.

1.2 Relation to prior work

The reduction of NP decision problems to StQP follows by composing the classical reduction to CLIQUE
[10, 15] with the Motzkin—Straus formulation and its regularizations [12, 13, 16, 17]. StQP itself is
a well-established class in global optimization [11, 18-20]. The direct SAT, coloring, Hamiltonian,
and packing routes use classical reductions and compatibility constructions; composing them with the
clique StQP supplies explicit matrices and thresholds rather than new representability results.

Compatibility and microstructure graphs are classical in constraint processing [21-23]. Association
graphs underlie matching and subgraph isomorphism [24, 25], and dual microstructures yield the
allowed-tuple construction for arbitrary-arity constraints [26]. Reductions of finite-domain maximum a
posteriori estimation to maximum-weight independent set also predate this work [27]. The factor-state
compiler combines this type of consistency construction with a weighted clique StQP. Weighted and
regularized clique formulations have substantial precedents [14, 28-33]; the normalization comparison
after Theorem 5.3 specifies the relation to Bomze et al. [14].

Two formulation catalogs provide useful points of comparison. Lucas [3] uses binary Ising interac-
tions, whereas Cai et al. [34] develops first-order and multiphase Potts formulations and a three-state
oscillator optimizer. The present catalog targets a quadratic objective over one globally normalized,
nonnegative state. Its emphasis is the explicit matrix and decoding description, together with dimen-
sion, coefficient, separation, and landscape costs; it does not introduce an oscillator architecture or
establish solver performance.

Relaxation labeling provides another relevant comparison. Its per-object label distributions have
separate normalization constraints, with quadratic compatibility objectives and well-studied dynamics
[35]. Such products of simplexes differ from the single simplex used here. Section 11.5 compares these
feasible sets and explains why their local-minimum structures need not agree.

1.3 Computational scope

An exact formulation does not imply an efficient solution method. Unless P = NP, no polynomial-time
algorithm can solve every encoded instance. Nor does a compact coefficient alphabet guarantee
a large physical energy gap, robust analog behavior, or quantum advantage. The local-minimum
correspondences characterize the optimization landscape; they do not determine the convergence rate
or success probability of a solver.

We use StQP for the mathematical optimization model. When discussing a hypothetical hardware
platform, we use simplex quadratic optimizer/annealer and abbreviate it as StQA. Nothing in the
formulations assumes that annealing is the only or best physical solution mechanism.
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1.4 Organization

Section 2 defines exactness and representation metrics. Section 3 develops the graph compiler and its
complexity and precision consequences. Section 4 gives direct compatibility formulations. Section 5
develops the weighted factor-state and QUBO compilers. Section 6 treats graph selection, packing,
and exact cover. Section 7 gives a generic binary-linear route. Section 8 catalogs Karp’s 21 problems.
Section 9 compares representation costs with QUBO/Ising. Section 10 states a hardware-neutral
StQA specification and evaluation metrics. Section 11 collects the mathematical, design, and empirical
limitations, and Section 12 concludes. The appendices give compilation procedures (Section A),
decoding and purification (Section B), explicit formulations for selected catalog entries (Section C),
the copositive connection (Section D), and notation (Section E).

2 Preliminaries and formulation standards

2.1 The standard quadratic program

For Q € SV, define
StQP(Q) : v(Q) = min z'Qx. (2)

TEAN

The simplex Ay has N vertices and affine dimension N —1. We use the convention that the superscript
or subscript records the number of coordinates, not the intrinsic dimension. We write SV for the space
of real symmetric N x N matrices, 1 for the all-ones vector, Iy for the identity matrix, and e; for the
ith coordinate vector. We use [n] = {1,...,n}. For x € Ay, its support is supp(z) := {i : z; > 0}. A
nonempty graph has at least one vertex; it need not have an edge. Empty instances, empty domains,
and trivial or out-of-range decision thresholds are handled before compilation so that the simplex and
the displayed reciprocal thresholds are well defined.

The model is invariant under several elementary transformations. Replacing @ by (Q + QT) /2 does
not alter the objective. Adding 5117 shifts every feasible objective by 5 and leaves the minimizers
unchanged. Multiplication by a positive scalar preserves minimizers and rescales all objective gaps.
These operations are important when selecting a hardware-friendly coefficient alphabet.

Definition 2.1 (Encoding). Let Z be an instance of a discrete decision or optimization problem. An
StQP encoding consists of a polynomial-time map Z — (Qz,07), together with a polynomial-time
decoder, such that the desired answer can be recovered from v(Q7z), from a global minimizer, or from
both. Here 67 denotes any threshold or affine recovery data.

Definition 2.2 (Levels of exactness). We distinguish the following properties.
(i) decision eractness: a yes/no answer is equivalent to an objective threshold;
(ii) value exactness: the original optimum is recovered by an explicit function of v(Q);
(iii) solution exactness: a global minimizer can be decoded to an original optimum;
(iv) landscape exactness: relevant local optima or barriers correspond under the mapping;

(v) approzimation preservation: a stated objective error in StQP implies a controlled error in the
original problem.

Most reductions in complexity theory require only decision exactness. Hardware evaluation needs
more. A formulation may be perfectly exact at the global optimum while creating exponentially
many local minima, compressing decision values into a narrow interval, or requiring delicate support
thresholding.
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Discrete Compatibility or Clique or min 2T Qz
problem selection graph weighted clique TEA

A

factor states

Binary linear Factor model
feasibility model of any arity

Figure 1: Compilation routes. Direct compatibility and selection graphs (green) preserve the problem’s
structure and yield the simplest StQP matrices: three-level for clique, {0, 1} off-diagonal for weighted
clique. The generic routes (orange) reach StQP through the same weighted-clique step. The binary-
linear route is polynomial in input bit length; the factor-model route is polynomial in the total explicit
local-table encoding length.

2.2 Representation metrics

For an encoded instance, we report:

Na := number of simplex coordinates,

MQ = #{(u,v) tu < v, Quo 7é 0}7
dg = max # {v # u: Qu, # 0}

AQ ::{qu:1SUSU§NA}7

po i max{lal g € Ag}
coe min {|¢q| : ¢ € Ag \ {0}}

Additional quantities are the target support size, objective separation between adjacent decision classes,
entrywise perturbation tolerance, decoder complexity, and number or structure of local minima.

The raw nonzero count should be interpreted carefully. Since 1Tz = 1, adding a constant all-to-all
matrix 8117 is physically and mathematically redundant up to an objective shift. A platform may
implement such a baseline globally rather than through O(N?) individual couplers. We therefore
distinguish the literal matrix @ from its relative interaction matriz, obtained after removing a convenient
multiple of 117.

2.3 Decision thresholds and certificates

For graph-coded instances in Section 3, an optimal support itself gives a polynomial certificate.
For general rational StQP, complexity membership requires more care because minimizers are real.
Quadratic programming with rational data admits polynomially verifiable certificates under standard
formulations [36, 37], but our NP-completeness statement will avoid unnecessary subtleties by restricting
to an explicit graph matrix class that is exactly equivalent to CLIQUE.

2.4 Compilation pipeline

Figure 1 summarizes the routes developed below. Direct routes preserve combinatorial structure and
usually give the cleanest coefficient matrices. Generic routes trade compactness for universality.
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3 A three-level graph-to-StQP compiler

Let G = (V, E) be a simple undirected graph with V' = [n], adjacency matrix A¢g, and clique number
w(@G). For a nonempty clique C' C V', define its barycenter

1
z(C) = @géei €A, (3)

The classical Motzkin—Straus theorem expresses w(G) through quadratic optimization over A,, [16].
Regularized formulations sharpen the relationship between local optima and maximal cliques [12, 13, 17].
We state the result in a minimization form designed for direct StQP compilation. Algorithm 1 in
Section A gives the compilation steps, and Section C works out several catalog entries explicitly.

3.1 The graph matrix

For 0 < 7 < 1, define

Q- (G):=11T —Ag — (1 -7)I. (4)
Its entries are
T, =17,
(QT)ij: Oa Z#]and {iaj}EEa (5)

1, i#jand {i,j} ¢ E.

Thus graph edges represent compatible co-activation and nonedges represent repulsive pair interactions.

A clique is a set of pairwise adjacent vertices. It is maximal if no additional vertex can be added
while preserving the clique property, and maximum if its cardinality is largest among all cliques of the
graph.

Theorem 3.1 (Three-level graph compiler). Let G be a nonempty graph and 0 < 7 < 1. Then

T

1@(€) = gy (6)

Moreover:
(i) © € A, is a global minimizer if and only if x = x(C) for a mazimum clique C;
(ii) x € Ay, is a local minimizer if and only if x = x(C) for a mazimal clique C;

(7ii) every local minimizer is strict and isolated.

Remark 3.2 (Relation to regularized Motzkin—Straus). Theorem 3.1 is a minimization-form restatement
of the regularized Motzkin-Straus theorem rather than a new result. Since 1Tz =1 on A,

Q) zx=1-2"(Ag+ (1 — 7)), (7)

so minimizing Q- (G) over A,, is equivalent to maximizing the regularized Motzkin—Straus quadratic
form [12], whose 7 = 1/2 case gives maxa, ' (A + 31)x = 1 — 1/(2w(G)) together with the bijection
between strict local maximizers and maximal cliques. The 7-parametrized family is the regularization
studied in [13], and Q(G) = 2Q1/2(G) is a positive rescaling of the same object. We give the proof
because the minimization normalization, the nonnegative three-level alphabet, and the explicit gradient
constants 27 /k and 2r;(C)/k are used repeatedly in Sections 4 to 6.
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Proof. We divide the argument into support purification, minimization on a clique, and local optimality.
Suppose x € A, has positive coordinates x;, z; > 0 for a nonedge {7,j} ¢ E. Along

z(t) =z +t(e; — ej), —x; <t <wj,
the second derivative of f(t) = z(t)TQ,x(t) is
f'(t) = 2(Qii + Qj; — 2Quy) = 4(r — 1) < 0.

Hence f is strictly concave on this segment. An interior point cannot minimize it locally, and at
least one endpoint has strictly smaller objective. Repeating this elimination shows that every global
minimizer has clique support, and any feasible point can be transformed without increasing the
objective into a point supported on a clique.

If x is supported on a clique C, all off-diagonal terms within C' vanish, so

xTQTx = TZJZ,LQ > ‘Tﬂ,
eC
with equality exactly when z; = 1/|C| for i € C. Since |C| < w(G), the global lower bound is 7/w(G),
attained exactly at barycenters of maximum cliques.
It remains to characterize local minima. The strict-concavity argument shows that local minima
must have clique support. On the face generated by a clique C, the unique face minimizer is z(C') and
the reduced Hessian is positive definite. Let k = |C|. At x(C), the gradient components are

2r;(C)

Touea,  vi="29 o),

k

where 7;(C') is the number of vertices in C' not adjacent to j. If C' is maximal, then r;(C) > 1 for
every j ¢ C, and since 7 < 1,

Vif =

27
o
Thus the Karush-Kuhn-Tucker (KKT) inequalities hold with strict complementarity, and x(C) is a
strict local minimizer. Conversely, if C' is not maximal, some j ¢ C' is adjacent to every vertex of C,
so rj(C') = 0 and moving a small amount of mass toward e; decreases the objective. Hence z(C) is
not locally minimizing. Finiteness of the maximal-clique family gives isolation. O

ij >

Remark 3.3 (Why regularization matters). At 7 = 1, the matrix is 117 — Ag, and the global value
reduces to the classical Motzkin—Straus formula. The strict support-purification and the exact local-
minimum correspondence can fail in this unregularized case. The range 0 < 7 < 1 removes nonclique
local minima and makes every maximal clique a strict local minimum.

3.2 An integer coefficient alphabet
Set 7 = 1/2 and scale by two:

Q(G) :=2Q,5(G) = 211" — 24 — I. (8)
Then
1, i=j, .
3ij =0, {i,j}€E, V(Q(G)) = oG (9)

2, i#jand{i,j} ¢ E,
This formulation uses no negative coefficients and only the alphabet {0,1,2}. The discrete solution is
read from the support; the positive coordinates all equal 1/w(G).
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Corollary 3.4 (Restricted StQP threshold is NP-complete). Consider the following problem.

THREE-LEVEL STQP THRESHOLD: Given a symmetric matriz Q € {0,1,2}"*" satisfying q;; = 1 and
¢ij € {0,2} for i # j, and an integer k > 1, decide whether

min 2" Qz <
€A

| =

This problem is NP-complete.

Proof. Given a graph G, construct @(G) in polynomial time. By Theorem 3.1,

~

v(Q(G)) <+ = w(G) =k

1
k
This proves NP-hardness by CLIQUE. Membership in NP follows directly from the matrix pattern: a
certificate is a set C' of k indices with ¢;; = 0 for all distinct ¢, 5 € C. Such a set is a k-clique in the
graph defined by the zero off-diagonal entries and can be checked in polynomial time. O

Corollary 3.5 (Universality for NP). Every decision language in NP has a polynomial-time many-one
reduction to THREE-LEVEL STQP THRESHOLD.

Proof. By the Cook—Levin theorem and Karp reductions, every language in NP reduces in polynomial
time to CLIQUE [10, 15]. Apply Corollary 3.4. O

Caution 3.6. Corollary 3.5 is a representability statement, not an algorithmic speedup. The encoded
matrices form a restricted NP-complete family, so a general exact polynomial-time StQP solver would
imply P = NP.

3.3 Objective separation and perturbation tolerance

Compact coefficients do not imply a constant decision gap. If the relevant distinction is between clique
number k and k — 1, with k > 2, then for ), the adjacent optimal values differ by

T T T

gi(T) = r—1 k m (10)

For the integer-scaled matrix @, the separation is 1/[k(k — 1)].

Proposition 3.7 (Entrywise perturbation bound). Let Q,E € SV and || E||
Then

max ‘= MaXy .y [Ey| < e.

Q@+ E)-v(Q) <e. (11)
Proof. For every x € Ay,
2
]:BTEx\ < Z | Eyy|xyx, < € (Z acu) =c.
u,v u
Apply this inequality at minimizers of Q) and Q + E. O

Thus a midpoint threshold between the k£ and k — 1 value levels remains valid under arbitrary
entrywise perturbations smaller than gz (7)/2. The required objective discrimination decays as O(k™2).
Support recovery has a related scale: the ideal nonzero coordinate of a k-clique barycenter is 1/k, so
coordinate noise substantially below 1/(2k) permits simple threshold decoding.

10
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3.4 Landscape interpretation

The graph compiler converts combinatorial maximality into continuous local optimality. If M(G)
denotes the family of maximal cliques, then

#{strict local minima of StQP(Q-(G))} = |IM(G)]. (12)

Graphs can have exponentially many maximal cliques. Hence a simplex-native local relaxer can face
an exponentially multimodal landscape even though the coefficient alphabet is fixed and nonnegative.

This observation cuts both ways. The landscape is undesirable for exact optimization but useful
as a transparent diagnostic. A returned local minimum is not arbitrary: its support is a maximal
clique, and its objective immediately reports that clique’s size. Global exploration mechanisms
can therefore be studied in a controlled setting where all local solutions have clear combinatorial
meaning. Maximum-clique algorithms based on continuous dynamics exploit precisely this relationship
[12, 14, 38].

3.5 Relative couplings

The literal expression @, = 117 — Ag — (1 — 7)1 contains a dense all-ones term. On the simplex,
however, 71172 = 1 is constant. Therefore the same minimizers are obtained from

Q-(G):=—-Ag— (1 —1)I, (13)

with all objective values shifted by —1. A physical platform that supplies a global normalization
constraint need only realize the relative edge and diagonal interactions. Conversely, the nonnegative
form (5) may be preferable when repulsive incompatibility couplings are natural. The two forms are
mathematically equivalent but can have very different implementation costs.

4 Compatibility graphs for constraint satisfaction and assignment

Many discrete problems ask for one local choice from each of several groups, subject to pairwise
consistency. Such problems have a natural compatibility graph: vertices represent local choices, and
edges join choices that can coexist. The graph-to-StQP theorem then converts consistency into a
simplex quadratic.

Choices belonging to the same group are represented by mutually nonadjacent vertices. A clique
can therefore contain at most one choice from each group. When there are n groups, a clique of size
n selects exactly one choice from every group, while adjacency between groups enforces consistency.
Smaller cliques represent partial selections.

4.1 Finite-domain constraint satisfaction

A binary constraint satisfaction problem (CSP) consists of variables zi,..., 2, with finite domains
Dy, ...,D, and binary constraints R;; C D; x D;. Here binary refers to constraints involving two
variables; the domains need not be Boolean. Unary restrictions may be absorbed into the domains.
The microstructure graph is classical in constraint processing [21-23].

Construction 4.1 (Variable-value compatibility graph). Create one vertex (i, a) for every ¢ € [n] and
a € D;. Two distinct vertices (i,a) and (j,b) are adjacent if and only if ¢ # j and either no constraint
links 7 and j, or (a,b) € R;;. Vertices belonging to the same variable are nonadjacent.

11
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Proposition 4.2 (Binary CSP as StQP). Let H be the graph from Construction 4.1. Then the CSP
1s satisfiable if and only if H contains a clique of size n. Equivalently,

~ 1 n
T
min x H)x = —, N = D;|. 14
min 2T Q(H)r = > 1 (14
When satisfiable, the support of a global minimizer contains one variable—value vertex for each i and
decodes directly to a satisfying assignment.

Proof. A clique contains at most one vertex from each variable group. A clique of size n therefore
selects exactly one value per variable, and adjacency enforces all binary constraints. Conversely, a
satisfying assignment selects n pairwise adjacent vertices. Since no clique can exceed n, Theorem 3.1
gives (14). O

The selected variable—value pairs are identified by the support of the StQP solution. The coordinates
themselves are continuous masses, with one global normalization; the size-n clique condition supplies
the one-choice-per-variable requirement.

4.2 CNF satisfiability

Continuous formulations of satisfiability have a long history, from global-optimization models of SAT
[39] to recent Fourier and polynomial relaxations [40, 41]; the construction below is exact and keeps
the three-level alphabet. Let a conjunctive normal form (CNF) formula ® = C; A - -+ A Cy, contain
Ny literal occurrences. A particularly compact construction uses one vertex per occurrence, rather
than two vertices per Boolean variable.

Construction 4.3 (Clause-literal graph). Create a vertex (r,¢) for every literal occurrence ¢ € C,.
Join (r,¢) and (s,¢') when r # s and the two literals are not complementary. Vertices from the same
clause are nonadjacent.

Proposition 4.4 (CNF-SAT). The formula ® is satisfiable if and only if the graph in Construction /.3
has a clique of size m. Consequently,

~

O satisfiable <— v(Q(Hg)) = % (15)

The formulation has Na = Ny coordinates; for 3-SAT, Ny, < 3m.

Proof. A satisfying assignment makes at least one literal true in every clause. Selecting one true
occurrence per clause gives pairwise noncomplementary literals and hence an m-clique. Conversely, an
m-~clique contains one occurrence from every clause and contains no complementary pair. Assigning all
selected positive literals true and all selected negative literals false is consistent and can be extended
arbitrarily to unselected variables, satisfying every clause. O

A local minimum of the associated StQP corresponds to a maximal set of mutually consistent
clause literals. Such a support may omit clauses and therefore need not certify satisfiability. This gives
a concrete example of why local minimization alone is insufficient.

Example 4.5 (A 3-SAT decoding rule). Suppose a global minimizer of Q(Hq,) has support

{(1,5[)2), (2, —|335), (3,1’2), ey (m,:w)} .

All nonzero coordinates equal 1/m. The support cannot contain both x; and —x;. Set each selected
positive literal to true and each selected negative literal to false; assign all remaining variables arbitrarily.
The result satisfies ®.

12
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4.3 Graph coloring and clique cover

For a graph G = (V, E) and integer k, create vertices (v,c) with v € V and ¢ € [k]. Two assignments
(v,¢) and (u,d) are compatible when v # u and either {u,v} ¢ E or ¢ # d.

Proposition 4.6 (k-colorability). Let Hg , be the compatibility graph above. Then

~

X(G) <k <= wllHer) =V <= v(QHgk) = (16)

VI
The StQP uses Nao = k|V| coordinates, and a global support selects one color for every vertex.

Covering G by at most k cliques is equivalent to coloring the complement graph G with at most k
colors. Hence the same construction yields a clique-cover formulation with k|V'| coordinates.

4.4 Hamiltonian cycles

Let G = (V, E) have n > 2 vertices in the directed case and n > 3 in the simple undirected case;
smaller instances are handled separately. Use vertices (p,v) meaning that graph vertex v occupies
tour position p € {0,...,n — 1}. Two such assignments are compatible if they use different positions
and different graph vertices, and if assignments to consecutive positions follow an edge of G.

For a directed graph, more explicitly, (p,u) and (q,v) are adjacent when:

(i) p# qand u # v;
(ii) if g=p+ 1 (mod n), then (u,v) € E;
(iii) if p=¢+1 (mod n), then (v,u) € E.

For nonconsecutive positions, no graph-edge condition is imposed.

Proposition 4.7 (Hamiltonian cycle). The directed graph G contains a Hamiltonian cycle if and only
if the compatibility graph contains a clique of size n. Therefore

A~ 1
G Hamiltonian <= v(Q(HZ™)) = e (17)

2

The formulation has No = n* coordinates. The undirected case uses the same construction with

undirected adjacency.

Proof. An n-clique contains at most one vertex for each position and at most one occurrence of each
graph vertex, so it defines a permutation of V. Compatibility at consecutive positions makes that
permutation a Hamiltonian cycle. The converse follows by selecting the n position—vertex assignments
from any Hamiltonian cycle. O

The construction is closely related to one-hot QUBO encodings of tours, but its constraint logic
is expressed solely through the compatibility graph. There is no separate penalty-scale choice: all
conflicts receive the same coefficient in Q).

4.5 Graph isomorphism and association graphs

Graph isomorphism is not known to be NP-complete, but it is a useful illustration of the association-
graph principle and has a well-established continuous clique interpretation [42]; association graphs
underlie continuous methods for matching, common subgraphs, and shape correspondence [43, 44],
and clique and constraint models are established approaches to maximum common subgraph [45]. Let
G = (Vg,Eg) and H = (Vg, E) have n vertices. Create one vertex (u,v) for each possible mapping
u € Vi to v € V. Two mapping vertices (u,v) and (u',v") are adjacent when u # ', v # v/, and

{u,v'} € B¢ <= {v,v'} € Eg. (18)

13
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Proposition 4.8 (Graph isomorphism). The graphs G and H are isomorphic if and only if the
assoctation graph has a clique of size n, equivalently if the associated three-level StQP has optimum

1/n. The formulation uses n? coordinates.

For subgraph isomorphism from G into H, allow different graph orders, replace the equivalence in
(18) by the implication {u,u'} € Eg = {v,v'} € Ey, and use |V| as the target clique size. Keeping
the equivalence while allowing partial injective supports instead gives the maximum common induced
subgraph formulation. Weighted vertex scores can be included through the weighted clique construction
below.

4.6 Arbitrary-arity hard constraints

For constraints involving more than two variables, use one vertex for every allowed tuple of every
constraint. Vertices from different constraints are adjacent when the tuples agree on all shared variables;
vertices from the same constraint are nonadjacent. A clique containing one tuple from every constraint
is equivalent to a globally consistent satisfying assignment. If there are F' constraints and A, allowed
tuples for constraint «, then

F
Na = Z |Aa" (19)
a=1

This construction is polynomial in the explicit allowed-tuple list, but expanding succinct high-arity
constraints can require exponentially many tuples. The tuple graph is the feasibility counterpart of
the weighted factor-state compiler developed next. The two are complementary rather than nested:
pruning to allowed tuples is exact here, but falls outside the hypotheses of the weighted compiler
(Remark 5.7).

5 Weighted clique and a generic factor-state compiler

The unweighted graph compiler captures feasibility and cardinality. Optimization objectives require
weights. We first prove a weighted clique StQP formula, then use it to compile arbitrary finite-domain
factor objectives.

5.1 A weighted clique StQP theorem

Let G = (V, E) have positive vertex weights w; > 0. For a clique C, write

w(C) = Zwi, ww(G) == max{w(C) : C is a clique} .
ieC

Let win 1= min; w;, Wmax := max; w;, and choose 0 < 7 < 1. Define Q. ,,(G) entrywise by

Wmin . .
y =17
wj
4ij = 40, i#jand {i,j} € E, (20)

This is a regularized version of weighted Motzkin—Straus formulations [14, 28].

Theorem 5.1 (Weighted graph compiler). For the matriz in (20),

TWmin

M@l @) = [ (21)

14
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There exists a global minimizer supported on a maximum-weight clique C*, with

w
. ieC*,

ar = w(C) (22)
0, i¢C*.

FEvery local minimizer, and therefore every global minimizer, has clique support. An arbitrary feasible
point can be purified to clique support without increasing the objective.

Proof. If positive coordinates z;,z; correspond to a nonedge, then along x + t(e; — e;) the second
derivative is

2 <T“’mi“ 4o min 2) <4(r—1) <0.
w; wy

Thus a local minimizer cannot contain a nonedge in its support, and an arbitrary feasible point can be
purified by endpoint moves until its support is a clique.
For a fixed clique C, off-diagonal terms vanish and

T x}
i
x QT,wx = TWmin E W
iec Tt

() = (22) ().

so the face minimum is Twmin/w(C), attained exactly at (22). Minimizing over cliques selects a
maximum-weight clique and proves (21). O

Cauchy—Schwarz gives

Remark 5.2. The diagonal values encode the vertex weights through reciprocals, while incompatibility
remains binary. Scaling all w; by a common positive constant changes neither the matrix nor the
solution. The coefficient dynamic range on the diagonal is Wmax/Wmin-

Theorem 5.1 locates the global minimum. The next theorem describes every local minimizer,
extending Theorem 3.1 to positive weights.

Theorem 5.3 (Weighted landscape). Let G be a nonempty graph with positive vertex weights w, let
0 <7 <1, and let Qrw(G) be as in (20). For a clique C write x(C,w) = > ;cc(wi/w(C))e; € Ay,
for its weighted barycenter; (22) is x(C*,w). Then:

(i) © € A, is a local minimizer if and only if x = x(C,w) for a maximal clique C;

(ii) every local minimizer is strict and isolated;
(iii) x is a global minimizer if and only if x = x(C,w) for a maximum-weight clique.
In particular the number of strict local minimizers equals |M(G)|, the number of maximal cliques,
independently of the weights.

Proof. By the purification argument in the proof of Theorem 5.1, every local minimizer has clique
support. If x is a local minimizer with support exactly the clique C, then x lies in the relative interior of
the face generated by C and minimizes f = a:TQﬁwx locally there; on that face f = TwWmin 3jec 2 /w;
is strictly convex, so x = z(C,w) by Theorem 5.1. Local minimizers are therefore among the weighted
barycenters of cliques.

Fix a clique C and put z* = z(C,w). For j ¢ C' let
ri(C) = Z wj (23)

eC

{ig}¢E
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be the total weight of vertices of C not adjacent to j. Since off-diagonal entries vanish inside C,

* . _ _Wmin Wi  TWmin .
(QT,’LU':U )z =T w; w(C) = w(C) (Z € C)’ (24)

which is constant on C, while for j ¢ C only nonedges to C' contribute, each with coefficient one, so

i (C)

), = -2 .
(QT,w )] ’LU(C)

(25)

Suppose C is maximal. Every j ¢ C then has a non-neighbour in C, so r]‘-“(C) > Wmin > TWmin
because 7 < 1; comparing (24) and (25), the KKT conditions hold with strict complementarity. For
strictness, let x € A,, with d := x — 2* # 0. Then 17d = 0, and dj = x; > 0 for j ¢ C because z; =0

there; put s := ngc d; > 0. Using > ,codi = —s,

L (r¥ — TWmi 7(1 ~ 7)Wmin s
w(c) ﬁz;*dj( 7 (C) mln) 2 w(C) Z 0. (26)

dTQT,w rr =

Split d = u + v with u supported on C' and v > 0 supported off C, so ||v||; = s and |lul|; < ||d||;. The
matrix (-, is entrywise nonnegative with entries at most one and is diagonal on C, so uTQT,wu >0,

0TQruv > 0 and [uTQr | < [lully 5. Hence

F@) = 1) = 20T Qut” + A" Qo > 25 (L0 ).
w(C)
If s >0 and ||d|; < (1 = 7)wmin/w(C), the right-hand side is positive. If s = 0, then d = u # 0, the
linear term vanishes, and f(z) — f(2*) = TWmin Yo v /w; > 0. Thus f(z) > f(z*) for every z € A,
with 0 < ||z — 2*]|; < (1 — T)Wmin/w(C): the minimizer is strict.

If C is not maximal, some j ¢ C is adjacent to every vertex of C, so r{(C) = 0 and (e; —
)7 Qr 2" = —Twmin/w(C) < 0; moving mass toward e; decreases the objective and x(C,w) is not
locally minimizing. This proves (i) and strictness. Since the graph has finitely many maximal cliques,
(i) also gives isolation, completing (ii). For (iii), a global minimizer exists by compactness and is a
local minimizer, so by (i) it equals z(C,w) for a maximal clique C, with value Twmpin/w(C). This
value is minimal exactly when w(C) = wy,(G), and every maximum-weight clique is maximal because
the weights are positive. O

Relation to the weighted regularization of Bomze—Pelillo-Stix. The local/global clique
correspondence and strictness are already established for a class of weighted regularizations in Bomze
et al. [14]. In their normalization, a matrix C has Cj; = 1/(2w;), zero edge entries, and Cj; > Cy; + Cj;
on nonedges. The rescaling C' = Qr,./(27wmin) satisfies this condition when

1 1
TWmin ( + ) <1 for every nonedge {i,j},
w; wy

in particular for 0 < 7 < 1/2. The proof above verifies the binary off-diagonal normalization for
the full range 0 < 7 < 1, without requiring that stronger matrix-class condition. We use its explicit
constants in the factor-state and precision analyses; the weighted clique correspondence itself is not a
new principle.

Remark 5.4 (The landscape is weight-independent). Weights move the values of the local minima but
not their number or their combinatorial meaning: the strict local minimizers of StQP(Q ., (G)) stand
in bijection with M(G) for every positive weight vector, exactly as in the unweighted case (12). The
consequences for complete factor-state models are given in Corollary 5.8.
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5.2 Finite-domain factor models

Let z = (21,...,2n), where z; belongs to a finite domain D;. Consider
E(Z) = Z @a(»’«l%% (27)
aeF

where S, C [n] is the scope of factor a, and zg, denotes the local assignment on that scope. No
sign assumption is imposed on ¢,. The identities below allow real table values. For polynomial-time
compilation, the factors are supplied as explicit complete rational tables, with rational offsets of
polynomial encoding length; a fixed rational 7 may be used. Complexity is measured in the total table
encoding length, not in a succinct description of arbitrary-arity factors. A single factor on r binary
variables has 2" local states.

Construction 5.5 (Factor-state compatibility graph). For each factor o and each local state

a€ Ay = HD“

1€Sq

create a vertex v = (a, a). Vertices belonging to the same factor are nonadjacent. Vertices (o, a) and
(B,b) with a # (3 are adjacent when a and b agree on every variable in S, N Sg.
Choose constants
B, > max ¢, (a) (28)
acAa

and give vertex («,a) the positive weight
Wa,q = Ba — ¢ala). (29)
Write B := )", B,.

Theorem 5.6 (Exact factor-state compiler). Assume every variable that matters to the objective
appears in at least one factor, and that Hg carries a vertex for every local state a € Aq = [[;cs, Di
of every factor, with no states pruned. Let Hg be the weighted compatibility graph in Construction 5.5.
Then

wyw(Hg) = B — E*, E* := min E(z). (30)

z

Consequently, for the weighted StQP matric Qr = Qv (HEg),

TWmin * TWmin
== E*=B-— . 31
V(Qp) = £ on (31)
Every global minimizer decodes to a globally optimal assignment. The simplex dimension is
Npa =) | Al (32)
acF

Proof. Any global assignment z chooses one local state («, zg, ) from each factor. These vertices agree
on overlaps and form a clique C, with weight

w(Cy) = Z (Ba — ¢al(zs,)) = B — E(2).

[e%

Thus wy,(Hg) > B — E*.
Conversely, vertices in a clique are pairwise consistent, so their local states combine into one partial
global assignment. If a clique omits factor 3, choose a local state for § that agrees with this partial
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assignment on already assigned variables and assign arbitrary values to the remaining variables in
Sp. Because all local states are present, this vertex exists and is adjacent to the clique. Its weight
is positive, so no maximum-weight clique can omit a factor. Hence every maximum-weight clique
contains exactly one state from every factor and corresponds to a global assignment z, with weight
B — E(z). This proves (30). Equation (31) follows from Theorem 5.1. The support states combine to
the optimal assignment. O

Remark 5.7 (Hard constraints must not prune states). The completeness hypothesis on A, is essential
to the stated theorem. The proof extends a clique that omits factor 5 by exhibiting a state of
consistent with the partial assignment already fixed; that state is guaranteed to exist precisely because
Ag is the full product of domains. If disallowed states are deleted instead of penalized, the extension
can fail: a maximum-weight clique may then legitimately omit a factor, and (30) is false. A minimal
example has one variable z; € {0,1} and two factors with scope {z1}: ¢4(0) = 10, ¢o(1) =0, B, = 11,
and /3 enforces z; = 0 by keeping only the state 0, with ¢3(0) = 0, Bg = 1. The states (a, 1) and
(8,0) disagree, so the cliques are {(a,0),(3,0)} of weight 2 and {(«, 1)} of weight 11. Thus w,, = 11,
whereas B — E* = 2, and the decoded assignment z; = 1 violates the constraint.

The proof uses less than completeness: it suffices that, for every factor 5, every assignment to the
variables that Sz shares with other factors extends to a retained state of 3. States that differ only
on variables private to Sz may therefore be pruned, and (30) then holds with E* the minimum over
retained assignments.

To retain the complete-state guarantee without a separate extendibility argument, encode hard con-
straints through the values ¢, rather than deleting states. Write ¢ = 1) + P 1[constraint « violated|
with soft parts v,. If some assignment satisfies every constraint and

P> S =Y (max,(a) ~ ming,(a)),
8l

then every minimizer of E is feasible, since a feasible z has F(z) < }°, max ), and a violating one
has E(z) > P+, mint,. Remark 5.13 discusses how larger penalties can affect coefficient ratios
and conservative separation bounds. In particular the unweighted tuple graph of Section 4.6, which
carries one vertex per allowed tuple, is not a special case of Construction 5.5; it is the complementary
construction, exact for pure feasibility but outside the scope of Theorem 5.6.

Corollary 5.8 (Every assignment is a strict local minimizer). Under the hypotheses of Theorem 5.6,
suppose every variable lies in the scope of some factor. Then the maximal cliques of Hg are exactly
the sets

C, ={(a,zs,) € F}, z € 1l; D;.

Consequently StQP(Qg) has exactly [1; |D;| strict local minimizers, one for each assignment z, with
value Twmin /(B — E(2)). In particular the encoding in Corollary 5.11 of an n-variable QUBO in which
every vartable appears in some term has 2" strict local minimizers.

Proof. C, is a clique by the proof of Theorem 5.6, and it is maximal because any other state («,a)
with a # zg, is nonadjacent to (o, zg,). Conversely, the extension step in the same proof shows that a
clique omitting a factor is not maximal, and a clique with one state per factor is C, for a unique z
because every variable is covered. Apply Theorem 5.3(i)—(ii). O

Remark 5.9 (What the landscape does not filter). The continuous landscape of a compiled factor
model eliminates no configuration: every assignment, feasible or not, optimal or not, is a strict local
minimum, and only the ordering of the local values Twmin/(B — E(z)) reflects the objective. This is
a weaker filter than a QUBO’s, whose local minima under single-bit flips are only the 1-flip-stable
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assignments; near x(C,,w) there is no descent direction that changes even one variable. On the
binary-linear route of Section 7, every infeasible configuration is likewise a strict local minimizer. Any
advantage of a continuous method on these encodings must therefore come from its trajectory and
basins of attraction from the interior of the simplex, not from an absence of spurious local minima.

Corollary 5.10 (Decision threshold). For any T' < B,

TWmin

B-T

E*<T < v(Qp)< (33)

5.3 Sparsity of the incompatibility matrix

Although the compatibility graph can be dense, the off-diagonal nonzeros of Qg correspond to
incompatibilities. Factors with disjoint scopes are fully compatible and produce zero cross blocks.
Nonzero interactions occur only:

(i) within each factor block, to prevent selecting two states of the same factor;
(ii) between factor blocks that share a variable, and only for state pairs that disagree on that variable.

A crude upper bound is
2

Mog=0 > Al +> [ D IAdl . (34)

i=1 \«:i€Sy

For uniformly bounded domain sizes, factor arity, and variable incidence, Mg = O(Na) and dg = O(1).
Without a bound on local-state counts, even a unary factor can produce a dense incompatibility block.

5.4 QUBO as a special case
Consider a binary quadratic objective
E(Z) =c+ Z h;z; + Z Jijzizj, Z; € {0, 1}. (35)
=1 {i,j}e€

Use one unary factor for every retained h;z; and one pair factor for every nonzero J;;z;z;. Constants
are handled outside the StQP recovery map.

Corollary 5.11 (QUBO-to-StQP). A QUBO with n,, unary factors and m nonzero pair factors
admits an ezact weighted StQP encoding with

Na < 2ny + 4m. (36)

For a dense n-variable QUBO this is O(n?); for a sparse interaction graph it is O(n + m). The
off-diagonal coefficient alphabet remains {0, 1}, while objective values appear in the positive diagonal
entries.

The compiler expands a pairwise binary objective into local configurations. Consistency among
repeated copies of each variable determines the zero/one off-diagonal pattern, while factor costs
determine diagonal reciprocals. The resulting dimension can exceed that of the original QUBO
substantially.
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5.5 Worked example: weighted Max-Cut

Let G = (V, E) have nonnegative edge weights c.. A cut is represented by binary labels z; € {0,1}
and has weight

cute(z) = Z ce 1z # zj).

e={i,j}€E

For each edge e = {i,j}, create four local states (e,a,b) with (a,b) € {0,1}2. Two edge states are
compatible if they agree on every shared endpoint. Give state (e, a,b) weight

We,a,b = L+ Ce]-[a ?’é b], L>0. (37)
A full consistent clique contains one state per edge and has weight

L|E| + cutc(z).

Therefore
ww(H) = L|E| + MaxCut.(G). (38)
With wyi, = L, Theorem 5.1 gives
TL
v(@) = LIE| + MaxCut.(G)’ (39)
For an unweighted graph and L =1,
-
MaxCut(G) = — |E. 40
@)= 75~ 1B (10)

The formulation uses exactly 4|E| simplex coordinates before optional preprocessing.

5.6 Approximation distortion

Let Qp be the factor-state matrix of Theorem 5.6, let v = v(Qg) > 0, and retain the recovery constants
B, 7, and wpy,, from (31). For a positive scalar estimate 7 = v 4 §, define the energy proxy

TWmin

E:=B-

o~

1%

The reciprocal recovery formula gives the exact identity

TWinin ||

|E—EY| = (41)

vy
For a scalar estimate alone, E need not be the energy of any discrete assignment, and ¢ can have either
sign. A discrete-solution guarantee requires both a feasible simplex point and a specified decoder.

Suppose instead that z € Ay, is returned and that v = ' Qg is evaluated using the intended
matrix. Then § > 0. Repeatedly eliminate a nonedge from the positive support by moving all its
mass to whichever endpoint gives the smaller objective, as in Appendix B. The weighted purification
argument in Theorem 5.1 makes each such step objective-nonincreasing. Minimize on the resulting
clique face, extend the clique to a maximal clique, and minimize on the enlarged face. Positive vertex
weights ensure that extension cannot increase the face-minimum value.

Under the complete-state hypothesis of Theorem 5.6, every maximal clique contains one consistent
state from every factor and therefore determines an assignment z. Its weighted barycenter y satisfies

TWmin

T =D
B—E(z)_m QRQepr ="V

y'Qry =
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Since t — B — Twmpin/t is increasing for ¢ > 0, this decoder gives

B <E(:)<B, 0<B()— B < [Wond
v(v+9)

The bound does not automatically apply to a decoder based on voting, coordinate ranking, or another
repair rule that can increase the StQP objective.

Writing W = B — E* = Twin /v, a multiplicative guarantee ' Qpx < pv, with p > 1, similarly
yields

E(z)— E* < (1—1>W
p

Thus the factor-state route preserves a ratio for the positive transformed objective B — E, but generally
not the same ratio for E itself, which may vanish or be negative. Both additive and multiplicative
guarantees for the original energy depend on the offsets through W. If a constant ¢ was omitted
before compiling, the original objective is ¢ + E(z); restoring ¢ changes neither the assignment nor its
additive suboptimality. These bounds concern the intended objective evaluated on a feasible simplex
point; coefficient and evaluation errors must be included separately.

5.7 Objective separation

For integer-valued factor tables, the reciprocal recovery map gives a separation between distinct
assignment values. This is a gap between local-minimum values, not a positive separation between the
global minimum and every other feasible simplex point.

Proposition 5.12 (Factor-model objective separation). Assume the hypotheses of Theorem 5.6, with
integer-valued ¢o and integer offsets By, satisfying (28). Let W := wy,(Hg) = B — E* and assume
W > 2. Every nonglobal local minimum of StQP(QE) has value at least v(Qg) + gw, where

TWmin TWmin TWmin

MW=w_1" " w T wWw-1) (42)

The corresponding relative separation is at least gw /v(QE) = 1/(W —1). Equality is attained when a
mazimal clique has weight W — 1; otherwise the separation between distinct local-minimum values is
larger. If all local minima are global, the statement about nonglobal minima is vacuous.

Proof. Each vertex weight w, q = Ba — ¢o(a) is a positive integer. The weighted landscape theorem
gives a local-minimum value 7wy, /w(C) for each maximal clique C. A nonglobal clique has integer
weight w(C) < W — 1, so its value is at least Twpin /(W — 1). Subtracting v(Qg) = Twmin/W proves
the claim. O

Under the complete-state hypothesis, W = 1 is degenerate: positive integer weights imply that
there is only one factor and all its states have weight one, so every assignment is optimal. There is
then no nonglobal assignment value to separate.

More generally, suppose every nonglobal assignment has energy at least E* + A, where 0 < Ap <

W. The same argument gives
TWmin AR

e UV

This is exact when the level E* + Ap is attained. For integer factor tables, a positive common divisor
of all within-table energy differences provides a computable spacing bound. Unlike the unit-step
estimate, (43) is invariant when all weights and the known energy spacing are multiplied by a common
positive constant, as required by Remark 5.2.

(43)
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Interpretation of separation bounds. The quantities gy and gy A, are guaranteed lower bounds
on the difference between the optimum and a nonglobal local-minimum value. They are exact only
when the relevant next assignment level is attained. They do not separate the optimum from every
other feasible simplex point. Accuracy tolerances derived from these bounds are sufficient guarantees
for the specified decision or decoding procedure, rather than necessary resolution requirements for
every instance. A smaller bound alone therefore establishes neither a smaller actual gap nor a change
in stationary points or basins. Throughout the offset, penalty, and hardware comparisons, we use
“separation bound” in this sense.

For a decision threshold E* < T', with integer T" and K := B —T > 2, the possible optimum values

satisfy
TWmin TWmin

K’ K-1
Thus g = Twmin/[K (K —1)] is a lower bound on the separation of these decision classes. Proposition 3.7
implies that a midpoint test on the optimal value remains valid when the sum of the entrywise coefficient-
error bound and the two-sided optimal-value estimation error is less than gx /2. A feasible objective
value without a suboptimality bound does not by itself provide such a test.

The same uniform perturbation bound gives a useful decoding condition. Suppose Qp = Qg + AQ,
|AQ||max < €, and a feasible point satisfies

E*<T = v(Qg) < E*>T = v(Qg) >

' Qpz < v(Qp) +r, r > 0.

Then 2"Qpx < v(Qg) +r + 2¢. Consequently, r + 2¢ < gy is sufficient for the objective-nonincreasing
decoder of Section 5.6 to recover an optimal assignment. A valid gy a, can replace gy in this
condition.

Remark 5.13 (Choice of offsets and penalties). Let F':= |F| > 1, and choose a common positive integer
slack 7 in the offsets:

B, = max ¢q(a) + 1, o= max ¢q(a), D:=®—-FE*>0.

a€A,

Then wpin =n and W = D + Fn. For W > 2, the unit-step bound in (42) is exactly

T
90 = D FN D Fr=1) (44)

If D =0, every assignment attains the same energy and there is no nonoptimal assignment level to
separate; n = 1 is admissible. For D > 1, differentiation with respect to a real n > 0 gives

7[D(D — 1) — F2r’]

g'(n) = (D+ Fn)2(D + Fn— 1)’

The integer maximizing this unit-step bound can be selected by evaluating it at the two neighboring
integers of the constrained continuous maximizer:

m::max{l,D”;‘”}, 7= {{ne)s ]},

(45)

X 7J
7" € arg max - - .
jeg (D+Fj)(D+Fj—1)

Nearest-integer rounding of D/F' is not an exact selection rule. For example, with D = 19 and F = 13,
g(1) = 7/992 but ¢g(2) = 7/990.
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For fixed D > 1 and fixed 7, sufficiently large F' gives n* = 1 and g(1) = ©(F~2). When D = O(F),
the optimized bound likewise scales as ©(F~2). In the regime D/F — oo, the interior approximation
gives n* ~ D/F and g(n*) ~ 7/(4DF). For fixed D, F and excessive slack, g(n) ~ 7/(F?n) as n — co.

The exact D is not generally available before solving. A certified lower bound Fj, < E* gives the
integer upper bound D := [® — Ey,] > D. Since (44) decreases as D increases, substituting D for D
yields a conservative gap bound, and (45) can be used to maximize that bound. The factorwise bound
Ey =Y, min, ¢(a) is always available; a relaxation may improve it. A feasible incumbent supplies
an upper bound on E*, not the lower bound required here.

Let Rmax := maxq(max, ¢o(a) — ming ¢o(a)). The diagonal coefficient range is Wmax/Wmin =
1 + Rmax/n- When the matrix contains a nonedge entry equal to one, its full nonzero coefficient
range is Keoef = (17 + Rmax)/(7n); otherwise this expression is an upper bound. Increasing n therefore
improves coefficient range while eventually reducing the gap bound.

For hard constraints encoded by a common penalty P, retain the sufficient condition from the
complete-state discussion: P > Sgoft, provided a feasible assignment exists. For integer soft-factor data,
P = Sgost + 1 satisfies this condition. Once feasibility is ensured, increasing P leaves the optimum
over feasible assignments unchanged but can increase ®, D, and the coefficient range. Its effect on the
separation bound follows from (44), with the interpretation given above; Section 7.4 illustrates the
dependence on energy spacings.

6 Selection, packing, covering, and matching formulations

The graph compiler is particularly direct when a feasible solution is a family of pairwise compatible
objects. This section collects the most economical formulations of that kind.

6.1 Clique, independent set, and vertex cover

Maximum clique is represented directly by Theorem 3.1. The maximum independent-set number a(G)
is the clique number of the complement graph G, so

a(G) = ———. (46)

A vertex cover C has complement V' \ C independent. Thus G has a vertex cover of size at most k if

and only if
A — 1
< .
V(Q@) £ —

These formulations use n coordinates and no auxiliary variables.

(47)

6.2 Set packing

Given a family S = {S1,...,Sn}, create one graph vertex per set and join ¢ and j when S; N S; = @.
Then cliques are pairwise disjoint subfamilies.
Proposition 6.1 (Set packing). The mazimum packing cardinality is

1

o ' 4
P GHs) )

In particular, a packing of at least k sets exists if and only if the StQP optimum is at most 1/k. The
formulation uses m simplex coordinates.

A weighted set-packing problem is obtained by assigning a positive weight to each candidate set
and applying Theorem 5.1.
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6.3 Three-dimensional matching

Let T C X XY X Z be a collection of triples. Create one graph vertex per triple and connect two
vertices when the triples are disjoint in all three coordinates. A clique is a three-dimensional matching.

~

Proposition 6.2 (3D matching). The mazimum matching cardinality equals 1/v(Q(Hr)). If | X| =
Y| =|Z| = q, a perfect three-dimensional matching exists if and only if

~ 1
v(Q(Hr)) = -
q
The formulation uses |T| coordinates.

6.4 Exact cover through weighted clique

Let U be a universe and S = {S1,..., S, } a family of nonempty subsets. Form the disjointness graph
used for set packing, but give vertex i weight w; = |S;|. A clique is a disjoint subfamily, and its total
weight equals the cardinality of its union. Therefore every clique has weight at most |U].

Proposition 6.3 (Exact cover). The family S contains an exact cover of U if and only if
wy(Hs) = |U]. (49)

Equivalently, with wyi, = min; |.S;,

TWmin

V(Qr,w(HS)) = |U| .

A clique-supported minimizer decodes to the exact-cover subfamily.

The natural binary comparison is maximum-weight independent set on the conflict graph of
intersecting sets. Let
Wy

Eoo={{i,j} i<, SinS; # @}, 1= € (0,1].

Wmax

The standard independent-set penalty construction [3, Section 4.2] gives

Hgc(z) = — Zrizi +2 Z 2i%;, z € {0,1}™. (51)
i=1 {i,j}eé.

If a selected set 7 has d; > 1 selected conflicts, deleting it changes Hgc by r; —2d; < 0. Every minimizer
is therefore conflict-free. On a disjoint subfamily the objective equals minus its covered cardinality
divided by wmax, SO an exact cover exists precisely when
U
min Hgc(z) = — Y] .
z

wmax

Both formulations use m variables or coordinates and one pair interaction per intersecting set pair. The
QUBO has a fixed conflict coeflicient after normalizing its unary weights; the StQP stores reciprocal
weights on its diagonal and uses one global normalization. Thus neither a dimension saving nor a
general penalty-scale advantage follows from this comparison. In the displayed QUBO polynomial
convention, if a conflict exists, the nonzero coefficient ratio is 2wyax/Wmin, equal to the full StQP
coefficient ratio at 7 = 1/2. Converting the polynomial to a symmetric 2" Qz convention halves its
off-diagonal coefficients, so coefficient comparisons must specify the convention.
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6.5 Hitting set and set cover

Karp’s HITTING SET asks for a set W C S that meets every member of a family Uy,..., U, C S
in ezactly one element [10]. It is exact cover on the transposed incidence structure, and therefore
weighted-graph-native. Assume every U; is nonempty, and discard elements that lie in no U;, since
they never affect feasibility. Give each remaining element s the weight deg(s) := |{i: s € U;}|, and
join s # s’ when no U; contains both.

Proposition 6.4 (Karp’s hitting set). Let Hy be this weighted graph. A set W with |W NU;| =1 for
all i exists if and only if wy,(Hy) = m, equivalently v(Qrw(Hy)) = TWmin/m with Wi, = ming deg(s).

Proof. A clique W meets every U; at most once, so w(W) =Y oy deg(s) = >, [W NU;| < m, with
equality exactly when every U; is met once. The value statement is Theorem 5.1. ]

The Garey—Johnson variant [46], which asks for at most &k elements meeting every U; at least once,
is a covering problem and is treated next.

The Garey—Johnson hitting set and set cover do not generally reduce to pairwise compatibility as
directly as packing. A feasible hitting set is not a family of pairwise compatible elements; its defining
condition is collective coverage. Two routes are available:

(i) reduce set cover to hitting set or vice versa and then to a binary linear system;
(ii) build a local-state factor graph in which each coverage constraint is a factor over the incident

selection variables, encoding infeasible coverage patterns as high-cost states rather than omitting
them (Remark 5.7).

The second route can be compact when each set or element has bounded incidence, but a factor of
degree d has 2¢ local states in the factor-state compiler, none of which may be deleted (Remark 5.7).
The binary-linear compiler of Section 7 remains polynomial in the ordinary bit model and is preferable
for unbounded incidence.

6.6 Dominant sets and weighted graph structure

Continuous simplex quadratics are also used natively for weighted clustering. Maximizing =" Az over
the simplex can identify coherent weighted vertex groups, with local solutions related to dominant sets
[47], with edge-weighted and hypergraph extensions [48, 49]. Here the simplex quadratic is the model
itself rather than a reduction from a discrete NP problem, and it belongs in this survey because the
same StQP hardware primitive can support both exact combinatorial encodings and native continuous
graph models.

7 A generic binary-linear feasibility compiler

Direct compatibility formulations are preferable when available. For completeness, we now give
a generic polynomial route from binary linear feasibility to StQP. It covers every problem with a
polynomial-size 0-1 integer programming formulation and supplies a uniform route for the remaining
members of Karp’s list.

7.1 From inequalities to a zero-penalty QUBO

Consider

Az <, z € {0,1}", (52)
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with integer data. Rational data can be scaled to integers with polynomial bit-length growth. For row
r, let
L= > an, U, :=b, — L. (53)

If U, < 0, the row is infeasible for every binary z and the instance can be rejected immediately.
Otherwise, if the row is feasible, its slack s, = b, — a, z is an integer in [0, U,]. Introduce

t, = [logy(Uy +1)] (54)
slack bits y,o,...,¥r¢.—1 and encode
l—1
y) = Z 2tyrt-
t=0
Define

i(a 2+ s (y —b) . (55)

Because binary variables satisfy u? = u, expansion of (55) is a QUBO [50]; higher-degree residuals can
be quadratized with few ancillas [51], and penalty weights admit alternatives to the dominant-coefficient
rule [52].

Theorem 7.1 (Binary-linear feasibility compiler). The system (52) is feasible if and only if

P =0. 56
,JQE&} (2,9) (56)

Combining the expanded QUBO with Theorem 5.6 gives a polynomial-size StQP threshold encoding of
binary-linear feasibility.

Proof. If z is feasible, every integer slack b, —a, z € [0, U,] has a binary representation using £, bits, and
all squared residuals vanish. Conversely, if P = 0, every residual vanishes and a,] 2 = b, —s,(y) < b,. O

Equalities require no slack. A constraint a'z > b is multiplied by —1. Bounded integer variables
are encoded in binary together with range constraints if the binary box is larger than the intended
domain.

7.2 Size accounting
Let .
p=mn-+ Z L, (57)
r=1

be the number of binary variables after adding slack bits. Let ¢,, be the number of binary variables
appearing in residual r. Expansion of P contains at most

w3y () (58
r=1

nonzero pair terms before duplicate aggregation. The basic factor-state compiler therefore uses at

most
Na < 2p+ 4Ms. (59)

This is polynomial in the binary input length because each ¢, is logarithmic in an integer whose bit
length is part of the input. The bound is intentionally simple rather than tight. Factor aggregation,
quadratization reuse, and direct CSP constructions can reduce it substantially.
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7.3 Adding an objective or decision threshold

A 0-1 optimization problem
min {cTz : Az <b, z€ {0, 1}”}

can be converted to a sequence of feasibility questions ¢'z < T, or to one QUBO using a sufficiently
dominant feasibility penalty. In the second route, minimize M P(z,y) + c¢'z with

n
M > Z |CZ",
=1

which suffices because P > 1 at every infeasible point while the objective varies by at most Y, |¢;|.
For integer objective data, the feasibility-sequence route avoids that coefficient and preserves exact
decision thresholds, using O(log(2 + >_; |ci|)) StQP solves after checking feasibility.

7.4 Precision of the binary-linear route

The residual squares in (55) carry the input numbers into the factor values. The resulting matrix
still has polynomial encoding length, but its coefficient ratios and value separations depend on the
factorization, offsets, and attainable energy levels. We use the separation bounds and accuracy
conditions of Section 5.7.

For Partition with n > 2 positive items, let A = >, a;. Expanding (23, a;2; — A)? gives the
constant A2, unary coefficients 4a;(a; — A), and pair coefficients 8a;a;. Retaining these F = n(n+1)/2

factors gives, on a yes-instance,
D =5A*-4>ai.
i

When D/F — oo, the offset rule (45) yields the unit-step estimate g(n*) ~ 7/(4DF'), whereas unit
slack gives exactly g(1) = 7/[(D + F)(D + F — 1)]. These bounds can be inverse-polynomial in integer
magnitudes, and hence exponentially small in their bit lengths. A tolerance of 279®) requires O(b)
binary precision bits; physical resolution and bit complexity are distinct costs.

A common scaling illustrates the distinction. Take a1 = ao = L and slack = 4L?, where L > 1 is
an integer. Each unary block has weights (4,8)L?, and the pair block has weights (12,12,12,4)L2.
Thus Wmyin = 4L? and W = 24L2. The two distinct local-minimum values are 7/6 and 7/5, so the
actual gap is 7/30, independent of L. The matrix is also independent of L, with full nonzero coefficient
range 3/7. Nevertheless, the unit-step bound is

.

w=gmarz—n

Using the attainable spacing Ap = 4L? in (43) recovers the exact gap. Integer magnitudes alone
therefore do not determine the physical precision burden.

For a dominant feasibility penalty M, if F' and 7 are fixed and D(M) = ©(M), optimizing the
common slack makes the unit-step bound scale as ©(M ~1); fixed slack instead gives ©(M ~2). These
scalings apply to the bound defined in (44).

An alternative is to encode arithmetic in Boolean constraints and compose a polynomial reduction
to 3-SAT with Construction 4.3. For m > 2 clauses this gives the fixed alphabet {0, 1,2} and a target
decision-class separation of at least 1/[m(m — 1)], with m polynomial in input bit length. This offers
an inverse-polynomial sufficient tolerance, but there is no universal dimension ordering between this
route and the residual-square route. The comparison must report matrix size, coefficient ratios, and a
valid separation bound for the chosen representation.
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7.5 Representative constructions

Subset sum and Karp’s knapsack variant. Given positive integers aq, ..., a, and target ¢, define

n 2
P(z2) = (Z a;z — t> . (60)
i=1

Then P* = 0 exactly when a target-sum subset exists. Expanding P gives a QUBO, dense in the
worst case, to which Corollary 5.11 applies.

Partition. Let A = )", a;. A partition into equal sums exists exactly when

2
min (2 Z a;z; — A> = 0. (61)

ze{0,1}m

Set cover. Use one bit z; per candidate set. The decision whether at most % sets cover U is

Y z>1 (uel), > z <k (62)
j

Jiu€S;

Hitting set (Garey—Johnson variant). Use one bit z, per universe element and impose

dz>1 (j=1,...,m), > 2 <k (63)

uGSj uelU

Job sequencing (Karp). Karp’s JOB SEQUENCING has one machine and jobs j € [n] with integer
execution times 7}, deadlines D; and penalties P;; it asks for an order in which the total penalty
of late jobs is at most k [10]. Let y; = 1 mean that job j is on time. A set of on-time jobs can be
scheduled before their deadlines exactly when earliest-deadline-first order does so, which gives

> Tiy<D; (jen),
i:D;<D; J

n
Pi(1—y;) <k. (64)

=1

The late jobs are appended in any order. Using (54), this uses p = n+3;[logy(D; +1)] + [logy(k+1)]

bits.

Parallel-machine job sequencing (Lucas variant). For the integer-length makespan version
used in Ising formulation work [3], let job ¢ have length L;, let a € [M] index machines, and let 7" be
the makespan threshold. Binary assignment variables z;, satisfy

M n
d zia=1 (i€h]), > Lizia<T (ac[M)]). (65)
a=1 i=1

This uses nM assignment bits plus [logy (7 + 1)] slack bits for each machine-load constraint.

Feedback arc set. For a directed graph, let y,, = 1 mean arc (u,v) is deleted. Assign each vertex
an integer order m, € {0,...,n — 1}, binary encoded. Impose

Tu + 1 <7y +nyu ((u,v) € E), Z Yuo < k. (66)
(u,v)EE

If at most k arcs can be removed to make the graph acyclic, the remaining arcs admit such a topological
order; the converse is immediate. Each arc row has slack range O(n) and needs O(logn) slack bits, so
p=0O((n+ |E|)logn).
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Feedback vertex set. Let y, =1 mean vertex v is removed. One valid order formulation is

Tt l<mtn(ytmw) (o) €B), Y p<h (67)
v
Every remaining arc then respects a topological order. As for arc deletion, p = ©((n + |E|) logn).

Steiner tree. Let R C V be terminals, let edge costs satisfy ¢, > 0, and choose a root » € R. Use
binary edge variables y. and directed flow variables f,,, binary encoded, with

0< fuw < (|R| - 1)y{u,v}7 (68)
Zfrv_var: ’R|_17 (69)

dofou=d fuw=1 (ueR\{r}), (70)
vau—quU:O (u ¢ R), (71)
Zceye < K. (72)

A feasible solution contains a connected subgraph spanning all terminals; cycles can be removed
without increasing nonnegative cost. With [log, |R|] bits per directed flow, p = |E| 4+ O(|E|log |R|) +
Nlog, (K + 1)].

These formulations are standard integer-programming patterns rather than claims of novel polyhe-
dral strength. Their role here is to close the compilation chain from Karp’s problems to StQP.

8 A catalog for Karp’s 21 NP-complete problems

Karp’s 1972 paper established the polynomial equivalence of a broad class of satisfiability, covering,
packing, routing, assignment, sequencing, and numerical problems [10]. Lucas later provided explicit
Ising constructions for all 21 problems and analyzed spin counts and coupling requirements [3]. Table 1
summarizes the corresponding StQP routes developed in this paper. Rather than reproduce Karp’s
original reduction tree, we choose modern formulations when they are more direct. Linear-growth
interreductions among subsets of the 21 problems may provide alternative compilers with lower
overhead for particular applications [53]; standard statements of the problems follow Garey and
Johnson [46]. The Hamiltonian rows use the position—vertex compatibility construction of Section 4.
Controlled-Markov-chain formulations provide a different continuous approach to Hamiltonicity [54].

Among the 21 original numbered rows, ten use unweighted compatibility graphs and two use
weighted graphs. Six use binary-linear feasibility followed by residual-square QUBO and factor-state
compilation; the knapsack target-sum and Partition rows start directly from residual-square QUBOs,
and Max-Cut uses a factor-state formulation directly. Rows 15" and 19’ give additional variants and
are not included in these counts. The catalog therefore establishes coverage through several routes,
with different dimension and precision costs.

For the table, “direct graph” refers to (9), “weighted graph” to (20), and “BILP” to Theorem 7.1
followed by Theorem 5.6. For every residual-square route write P = ¢ 4+ E, where ¢ is the omitted
constant and FE is the compiled factor energy. The original penalty is recovered as

TWmin .

v(QE)’

Trivial instances and out-of-range thresholds are handled before compilation.

P*=c+B-

P*=0 < E*=—c (73)
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The size column (“Basic NA”) reports the number of simplex coordinates before problem-specific
simplification. For generic binary-linear routes, p is the number of binary variables after slack and
bounded-integer encoding, and Ms is the number of nonzero pair terms in the resulting zero-penalty
QUBO; the bound 2p + 4 M follows from (59). The column gives p for rows 7, 8, 16, 19 and 19’, where
the encoding fixes it; for rows 2, 6 and 15" it depends on the instance’s coefficient ranges through (53).
A row over ¢ variables contributes up to (g) pair terms, so a single cardinality budget > y < k already
makes My = ©(q?). These generic bounds are polynomial but are not necessarily optimal.
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8.1 Direct versus generic routes

The table shows four distinct regimes.

Graph-native problems. Clique, independent set, vertex cover, set packing, three-dimensional
matching, coloring, clique cover, Hamiltonian cycle, and satisfiability admit direct unweighted compat-
ibility graphs. Their matrices use coefficients in {0, 1,2}, and an optimal support encodes a maximum
compatible selection. For feasibility problems, a satisfying assignment is obtained when that support
reaches the specified target size.

Weighted graph-native problems. Exact cover, Karp’s hitting set, and weighted packing are
naturally maximum-weight clique problems. Their off-diagonal entries remain binary, while weights
enter through reciprocal diagonal terms. Max-Cut reaches a weighted clique after lifting to local edge
configurations; this is the factor-state construction, so Corollary 5.8 applies to row 21.

Globally constrained problems. Set cover, the Garey—Johnson hitting set, feedback sets, Steiner
tree, and general 0-1 feasibility involve collective constraints not captured by pairwise compatibility
among the original objects. The binary-linear route is polynomial in input bit length. A local-state
route is polynomial in explicit table size but can expand succinct high-arity constraints exponentially.
Fither representation may be too large or numerically demanding for a particular device.

Numerical problems. Knapsack, Partition, and the job-sequencing variants carry numerical data
into the residual-square coefficients and factor weights. Their precision costs depend on attainable
energy spacings, common scaling, and offset choices, as illustrated in Section 7.4.

Exactness of the routes. The direct graph routes recover maximum compatible selections and,
when the target threshold is attained, solutions of the original feasibility problem. Their local minima
correspond exactly to maximal cliques of the compatibility graph; this need not preserve a different
local-move neighborhood on the original variables. The factor-state routes are decision-, value-, and
solution-exact for the compiled objective: Theorem 5.6 provides both reciprocal value recovery and an
optimal-assignment decoder. On a residual-square feasibility route, restore the omitted constant and
require P* = 0 to obtain a feasible witness. These routes do not generally preserve the original discrete
local-search landscape, because every assignment becomes a strict local minimum. Approximation
guarantees also require a specified objective normalization and decoder; see Section 11.3.

8.2 Threshold normalization

For direct graph formulations, a decision problem typically takes the form w(H) > K. With @,

WH) > K v(Q.(H)) < (74)

-
&
If the construction guarantees w(H) < K, as in SAT, coloring, or Hamiltonian cycle, feasibility is
equivalent to the equality v = 7/K. Integer scaling at 7 = 1/2 gives threshold 1/K.

For weighted formulations, a target w,(H) > W is equivalent to

TWmin

V(Qru(H)) < 50, (75)

These formulas provide a direct recovery rule and illustrate the reciprocal compression of large
combinatorial values.
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9 Representation cost and comparison with QUBO /Ising

Both StQP and QUBO are universal under polynomial reductions, so the relevant comparison is how
a particular representation uses the resources available to a solver or physical platform.

9.1 State semantics

A QUBO state is a vertex of a binary hypercube. An StQP state is a point of a simplex. In the
direct graph compiler, the discrete solution is encoded by the support of x, while the normalized
magnitudes are determined analytically. In the factor-state compiler, a selected local state receives
mass proportional to its positive vertex weight. These representations produce different failure modes:

o a QUBO device can violate a logical constraint when penalty weights are insufficient;

e a graph-coded StQP state is always normalized, but an approximate solution may assign small
mass to incompatible coordinates;

o QUBO readout is discrete but may require chain repair after embedding [55];
e StQP readout is continuous and requires feasibility and support tolerances.

9.2 Coeflicient structure

The graph compiler has an unusually small coefficient alphabet:
(/]\ij c {0, 1, 2}.

There is no instance-dependent penalty coefficient. The magnitude two always marks incompatibility,
zero marks compatibility, and one is the diagonal concentration term. This simplicity should not
be confused with numerical robustness: the decision-value separation still decreases with the target
support size.

The weighted compiler retains off-diagonal entries in {0, 1} but uses diagonal values Twmpin /w;.
Thus objective data are localized to onsite coefficients. The factor-state construction can therefore be
viewed as a separation between:

factor-state consistency <— off-diagonal pattern, (76)
objective and constraint penalties «— diagonal values.

QUBO generally distributes both constraint and objective information across linear and pairwise
coefficients. That can be more compact, especially when the original problem is already pairwise
binary. Conversely, the direct graph compilers of Sections 3 and 4 have no penalty scale to balance.
Factor-compiled hard constraints do reintroduce a penalty scale (Remark 5.7); Remark 5.13 gives a
sufficient choice. Fixed normalized conflict coefficients are also available for the exact-cover QUBO in
(51) and the clique QUBO below.

9.3 Connectivity and baseline removal

Literal matrix density is not always the correct physical cost. As in Section 3.5, the dense baseline in
Q- (G) may be removed, leaving the attractive gauge @T(G) of (13), which is sparse when G is sparse;
the repulsive gauge Q-(G) instead uses nonnegative interactions and highlights conflicts. A hardware
report should state which gauge is implemented and whether the normalization circuitry implements a
global all-to-all baseline at negligible marginal cost.

In factor-state graphs, nonzero off-diagonal blocks occur within each factor and between overlapping
factors. This preserves bounded interaction degree when domain sizes, arity, and incidence are uniformly
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Table 2: Representative size behavior. Counts are formulation-level and exclude hardware embedding

auxiliaries.

Problem class

Direct StQP

Typical binary

Comment

coordinates variables before
hardware
embedding
Clique / n n Same state count; different geometry; the
independent set fixed QUBO below has the same clique sup-
ports
3-SAT with m at most 3m original Boolean Which is smaller depends on clause-to-
clauses variables plus variable ratio
quadratization
auxiliaries, when
needed
k-coloring nk nk in one-hot Similar lifted state count
QUBO
Hamiltonian n? n? in standard Similar assignment lift; constraint encoding
cycle one-hot QUBO differs

Sparse QUBO
with n variables,
m pairs

at most 2n + 4m

n

Generic StQP compiler expands local con-
figurations

Set packing m m Direct compatibility is equally compact
with m

candidate sets

Exact cover m m Same candidate count and conflict graph;
with m compare normalized unary weights with re-
candidate sets ciprocal diagonal weights; see (51)
Max-Cut 4|E| by factor-state  |V| QUBO/Ising is normally much more com-

route pact

bounded. By contrast, a one-hot QUBO often introduces dense penalty blocks inside each assignment
group and additional objective couplings. The one-hot baseline is itself a choice: domain-wall encoding
uses n(k — 1) variables for n variables with k values, with a different penalty connectivity [56-58], so
the counts in Table 2 should be read against the QUBO encoding actually used. Neither representation
dominates uniformly.

9.4 Dimension

Table 2 summarizes typical state counts.

The remaining metrics of Section 2.2 depend on both the route and the chosen gauge. For the literal
integer graph matrix, Ag C {0, 1,2} and Keoer < 2, with equality in the latter when a nonedge exists.
The nonzero count is Mg = Na + #{nonedges}; after baseline removal it is Na + |E|. Factor-state
matrices satisfy Ag C {0,1} U{7wmin/w;}. Their diagonal range is Wmax/Wmin, and their full nonzero
range is Wmax/(TWmin) when a unit nonedge entry exists; otherwise it is Wyax/Wmin. Equation (34)
bounds Mg, while dgp depends on local-state counts and factor overlaps.

StQP is therefore not a general compression of QUBO. The basic factor-state compiler expands
local configurations, whereas clique, set packing, and exact cover admit direct simplex formulations
with one coordinate per original candidate.
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9.5 Precision and dynamic range

The integer graph compiler has a fixed coefficient alphabet, but distinguishing clique sizes k and
k — 1 by their optimal values requires resolving a difference of order k2. For weighted matrices, the
diagonal range iS Wmax/Wmin; the full coefficient range also depends on the presence of unit nonedge
entries. Reciprocal recovery compresses assignment values. The local-value and decision-class bounds of
Section 5.7 quantify this compression, with refinements when energy spacings are known. A hardware
comparison should report:

(i) programmed coefficient bit depth and realized coefficient error;
(ii) objective-estimation error or sample variance;
(iii) feasibility error [1Ta — 1| + ||z_]|;;
(iv) support-recovery threshold and stability;

(v) the relevant decision or local-value separation, identifying whether it is measured exactly or
bounded conservatively.

An accurate support can remain useful even when objective readout is insufficient for a threshold
decision. Conversely, an accurate scalar objective does not guarantee clean support recovery. Both
outputs should be retained.

9.6 Landscape and local solvers

The regularized graph compiler makes landscape complexity explicit: maximal cliques are strict local
minima, and by Theorem 5.3 the same holds with weights. In QUBO, penalty choices can create
additional infeasible local minima whose interpretation is less direct [59]. The comparison is not
symmetric, however. On any factor-compiled instance every assignment is a strict local minimizer
(Corollary 5.8), whereas the local minima of the corresponding QUBO under single-bit flips are only
the 1-flip-stable assignments, a subset. On these routes the StQP landscape therefore filters less, not
more. Together the two facts suggest a classification of traps:

Feasibility traps
local solutions that violate the intended discrete constraints;

Combinatorial traps
valid but suboptimal discrete solutions, such as maximal nonmaximum cliques;

Continuous traps
local minima whose support does not represent a compatible discrete selection;

Embedding traps
artifacts introduced by hardware connectivity or auxiliary chains.

For 0 < 7 < 1, the graph construction excludes nonclique local minima, but not nonclique stationary
points. For the two-vertex edgeless graph, Q@ = (7 1) and z = (1/2,1/2) satisfy the simplex KKT
conditions, yet x is a strict maximum. Thus stationarity alone does not imply a clique-supported
solution. On complete factor-state instances every local minimum represents an assignment, but

infeasible and suboptimal assignments remain local minima by Corollary 5.8.

A fixed-coefficient QUBO baseline. For unweighted clique, the standard conflict-penalty con-
struction, equivalently independent set in the complement graph [3, Section 4.2], permits

H(z)=- Zzi +2 Z 2%, z € {0,1}". (77)

{ig}¢E
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Deleting a selected vertex with d > 1 selected nonneighbors changes H by 1 — 2d < 0. A nonmaximal
clique admits an addition of cost —1, whereas every single-bit move from a maximal clique increases
H. Hence the global minima encode maximum cliques, and the strict single-bit local minima encode
exactly maximal cliques. The polynomial coefficients are fixed: —1 on unary terms and 2 on nonedge
terms. Fixed coefficients and meaningful clique local minima therefore do not distinguish StQP from
every QUBO formulation. The relevant differences include continuous geometry, coefficient signs,
readout precision, and the implementation of normalization and interactions.

9.7 Decoding and verification

A direct graph-coded StQP candidate can be processed as follows:
1) project or renormalize to the simplex if needed;
) rank coordinates by mass;
) extract a compatible support using the graph;
4) greedily extend it to a maximal clique;
) evaluate the resulting discrete objective;
) compare against a certified upper or lower bound when available.

This ranking-based procedure is heuristic. The objective-nonincreasing purification in Section B,
followed by face minimization and extension, is the decoder required for the guarantees in Sections 5.6
and 11.3; first-order and active-set methods for StQP provide the continuous half [60, 61]. The
continuous vector therefore also serves as a heuristic score over local choices. In weighted factor-state
models, consistency repair combines local states that agree on shared variables and then locally
reoptimizes conflicting factors.

9.8 Summary of representation costs

The basic factor-state compiler expands an existing pairwise binary objective into local
configurations; it can therefore be substantially larger than a direct QUBO, as in the Max-Cut
example. For clique and set packing, direct StQP and binary formulations use the same
number of coordinates or variables. Both can have fixed coefficients and maximal-clique local
minima, as (77) shows. For exact cover, the weighted independent-set QUBO in (51) also
avoids elementwise equality penalties and uses the same candidate count and conflict graph.
The case for StQP is its alignment with a normalized, nonnegative native state and its explicit
support-based decoding. Whether that alignment offsets continuous precision, readout, and
search costs depends on the device and instance family. Comparisons should use strong problem-
specific binary formulations and report dimension, connectivity, coefficient range, decision
separation, decoding overhead, and end-to-end time-to-target. The formulations establish these
comparison points; they do not select a universally superior model.

10 A hardware-neutral simplex quadratic optimizer/annealer

Analog and oscillator-based platforms for continuous optimization are advancing quickly [34, 62]. The
formulations motivate an abstract hardware interface. We call a device satisfying this interface an
StQA (Section 1).
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10.1 Input contract

The logical input is a symmetric matrix Q € SV, represented by:
o diagonal onsite terms Q;;;
« programmable relative pair interactions Q;;;
e a declared global scaling and additive simplex gauge;
« coefficient precision, range, and sign restrictions.

For graph-coded NP instances, a minimal device mode needs only diagonal values and binary compati-
bility or incompatibility couplings. Weighted factor instances require programmable positive diagonal
ratios.

10.2 State contract

The physical state must map to
N
z; >0, > ai=1. (78)
i=1

Normalization may be enforced exactly by a conservation law or approximately by feedback. If only
approximate, the device should report the unnormalized state so that feasibility correction is accounted
for as postprocessing rather than hidden inside the solver.

A scaled simplex Y, ¥; = R is equivalent after z = Ry, but it rescales the quadratic energy by R2.
Hardware comparisons must distinguish logical normalization from physical amplitude.

10.3 Energy contract

The effective Lyapunov or energy function should be proportional, up to a simplex-constant shift, to
Eg(z) = 2" Q. (79)

Pairwise physical interactions may realize Q directly, realize a relative gauge @ — S117, or implement
a factorized approximation. The realized matrix Q" should be measured or calibrated, not merely
inferred from requested settings.

10.4 Search contract

The local minima characterized in Section 9.6 motivate search mechanisms beyond monotone local
descent. Candidate mechanisms include:

e controlled noise or temperature schedules;

e nonlocal support moves;

e multistart and restart policies;

e parameter continuation in 7 or in coupling strength, the continuous analogue of annealed

replication [63, 64];

o parallel replicas and exchange;

e hybrid branch-and-bound or cutting-plane control;

e a mechanism that produces certified lower bounds.

None of these mechanisms is analyzed here as a global solution algorithm; its success rate and
certification capability require separate evaluation.
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10.5 Output contract
At minimum, a run should return:

raw

I thevice, programmed Q, estimated realized Q" (80)

plus all random seeds or control traces needed for reproducibility. Derived quantities should include

Peas = 1@ — 1| + [z ||, , (81)
x—1I x—nVEg(x
o - 2 =Tay (@ = 1V Egla)l )
n
Elogical = JETQxa Erealized = ‘,ETQreal‘,L,' (83)

Here (z_); = max{—x;,0}, IIn, is Euclidean projection onto the simplex, and the residual uses a
positive step size 17 and the Euclidean norm. For feasible z, rpg = 0 certifies first-order stationarity
only, not local or global minimality (Section 9.6). For direct graph instances, report decoded clique
size and whether the support is maximal. For factor instances, report assignment consistency and
original objective value.

10.6 Timing and energy accounting

Results should separate:
(i) matrix compilation;
(ii) device programming and calibration;
) physical evolution time;
) repeated sampling or restarts;
(v) readout;
) feasibility and support repair;
(vii) classical verification or certification.
Both native-device and end-to-end times are useful; neither should be reported in place of the other

without clarification. Similar care is already necessary for Ising and QUBO platforms, where embedding
and chain repair can dominate the logical solve [9, 65, 66].

10.7 A minimal graph-coded device mode

The integer-scaled graph family suggests a sharply defined first hardware target:

min Z:p?+4 Z iz | . (84)
i

A
reAN (i} ¢E, i<j

The expression follows from xT@x because each off-diagonal matrix entry contributes twice. A device
needs one common diagonal strength and one common repulsive strength on programmable conflict
pairs. Its global optimum is 1/w(G). This family is restrictive enough for clean physical experiments
and expressive enough to remain NP-complete.

Caution 10.1 (No automatic advantage). A fixed-alphabet NP-complete input family is an attractive
hardware target because it simplifies programming. It does not remove NP-hardness or guarantee
efficient global search. Claims of advantage require end-to-end comparison on declared instance
distributions, including precision and success probability.
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10.8 Evaluation metrics

For stochastic or analog solvers, report time-to-target at several target levels rather than only best-of-
run objective. For direct graph instances, natural targets are:

find a clique of size at least k, find a maximum clique, certify maximum size.  (85)

These are increasingly demanding and should not be conflated. A solver may rapidly find large
maximal cliques but rarely find or certify the maximum.

For independent runs of equal duration with success probability 0 < ps < 1, a time-to-solution
estimate at confidence 1 — ¢, where 0 < 6 < 1, is [8, 9]:

log ¢
T\ s = Tun 17 T 1\ y
10 = b max{ [log(l —ps)w } (86)

For ps = 1 one run suffices; for p;, = 0 no finite number of runs attains positive success confidence.
Programming, readout, and postprocessing costs should be reported separately.

11 Limitations and open research questions

11.1 Universality can hide poor formulations

Composing a reduction to CLIQUE with the graph compiler proves universality but may destroy
application structure. Even a polynomial expansion can be impractical. A useful formulation theory
must therefore seek direct encodings, low-rank or sparse matrix representations, and problem-specific
decoders rather than treating universal reducibility as the endpoint.

11.2 Continuous precision is a computational resource

A real-valued state should not be treated as carrying infinite information at zero cost. The exact
graph compiler uses simple input coeflicients, but its objective levels approach one another as solution
size grows. Weighted compilers may introduce large diagonal dynamic ranges and reciprocal value
recovery. Future work should characterize bit complexity, noise sensitivity, and finite-temperature
behavior for each formulation family.

11.3 Approximation theory

The direct clique formulations preserve multiplicative approximation under objective-nonincreasing
decoding. Indeed, let f(x) = 27 Q,(G)x and suppose a feasible point satisfies f(z) < pv(Q,(G)) for
some p > 1. Purification followed by minimization on the resulting clique face produces a clique C'
such that @)

T T w

’C‘Sf(:n)gpw(G), hence |C| > P
Conversely, the barycenter of a clique of size at least w(G)/p is a p-approximate StQP solution.
The weighted formulation gives the same statement with |C| and w(G) replaced by w(C) and wy,(G).
Positive scaling, including the integer-scaled matrix @, preserves these ratios; adding a simplex-constant
objective shift does not generally preserve them.

Consequently, for every fixed 0 < ¢ < 1, finding a feasible N!'~¢-approximate solution of the

restricted N-coordinate StQP family with diagonal entries one and off-diagonal entries in {0, 2} is
NP-hard, by the corresponding maximum-clique inapproximability result [67]. A polynomial-time
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algorithm with this guarantee would imply P = NP. This statement concerns multiplicative error
relative to the positive minimum value in the specified normalization.

A different guarantee is available for general StQP. Bomze and de Klerk [19] establish a polynomial-
time approximation scheme in objective-range-normalized additive error. For rational input data and
every fixed € > 0, a feasible point can be found in polynomial time with

f(l’) - fmin < 8(fmax - fmin)a fmin = min f(y), fmax ‘= max f(y)
YyEAN YEAN
Here the dimension is variable, not fixed. The guarantee is invariant under positive affine changes
of the objective, but it does not bound f(x)/fmin when the minimum is small compared with the
objective range. There is therefore no conflict with the clique hardness result.
For the direct graph formulation, an additive guarantee f(x) < 7/w(G) + 0, with § > 0, gives

w(G)
=T sear

after the same decoding. Fixed additive error thus gives a progressively weaker relative guarantee
as the clique number grows. For factor-state models, Section 5.6 instead bounds the decoded energy
error through B — E*; no uniform multiplicative guarantee for the original energy follows without
additional assumptions. Likewise, the binary-linear feasibility route preserves exact decisions, but an
approximate residual minimum need not satisfy the original constraints. Approximation claims must
therefore specify the original objective, its normalization, and the decoder; exact representability alone
does not determine them.

11.4 Local landscape beyond cliques

The local-minimum correspondences in Theorem 5.3 and Corollary 5.8 specify the admissible endpoints
of local descent but do not determine their basins of attraction. The unresolved quantities include
basin volumes under a declared initialization distribution, convergence times, the quality of decoded
assignments, and their dependence on offsets and search dynamics. The existence of a local minimum
for every assignment does not imply that all assignments are reached with equal probability.

11.5 Alternative simplex lifts

Relaxation labeling assigns a probability vector to each object and optimizes compatibility between
labels [35]. With variables indexed by i and labels a € D, its state space has the form

P =< (Pia) : Pia >0, Z pia = 1 for every i p = HA\D¢\~
(ZEDi 7

Quadratic optimization over products of simplexes is a related established class [68]. Each block
has a prescribed mass, whereas the single-simplex constructions here allow mass to move between
blocks. Rescaling x;, = pia/n embeds P into a single simplex only with the additional constraints
Y 4 Tia = 1/n. Dropping those constraints changes the feasible set. Consequently the maximal-
clique and every-assignment local-minimum results do not automatically transfer to product-simplex
formulations.

Other representations use marginal polytopes, low-rank factorizations, or entropy regularization. A
useful comparison must account for both the number of local states and the cost of enforcing multiple
normalization constraints.
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11.6 Global certification

StQP has exact copositive and completely positive reformulations [19, 69, 70], summarized in Section D.
This suggests hybrid architectures in which an unconventional device supplies primal candidates while
classical conic, semidefinite, linear, or branch-and-bound methods supply lower bounds. For graph-
coded instances, combinatorial bounds on clique number offer another certification path [38, 71, 72],
and exact StQP solvers based on mixed-integer and conic reformulations give a second [32, 73-75]. The
division of labor between candidate generation and certification may be more realistic than expecting
a physical relaxer to certify globality internally.

11.7 Formulation search as an optimization problem

An instance may admit many equivalent matrices related by scaling, gauge shifts, variable duplication,
factor grouping, and alternative reduction routes. Selecting a formulation for a given device can itself
be posed as a multiobjective optimization problem over:

Na, Mg, dg, FKeoef, decision gap, decoder robustness.

Automated formulation search is a promising counterpart to compiler optimization in conventional
computing.

11.8 Empirical question

This paper provides formulations, proofs, and representation-cost analysis. It does not report solver-
performance experiments, basin measurements, or hardware benchmarks. A numerical study could
compare projected-gradient or replicator dynamics with random restarts on direct graph and factor-
state instances, reporting decoded objective values, success probabilities, and sensitivity to offsets.
Comparisons with problem-specific binary solvers would then test whether the continuous representation
offers a practical benefit for the chosen instance family.

12 Conclusion

The catalog expresses discrete problems as quadratic optimization over one normalized, nonnegative
state, using established clique formulations and compatibility graphs. It records explicit matrices,
dimensions, thresholds, and decoding rules for direct graph routes and for generic factor-state routes.
Twelve of Karp’s 21 problems use direct graph formulations; the other nine use factor-state compilation,
including six through binary-linear feasibility.

The representation analysis identifies the cost of these choices. Direct graph routes have simple
coefficients and support-based decoding. Generic factor-state compilation can expand dimension and
creates a strict local minimum for every complete assignment. Reciprocal objective recovery introduces
a dependence on weights, offsets, and attainable energy spacings. The resulting separation bounds
and decoding guarantees specify accuracy conditions under the stated assumptions.

Strong binary formulations can match the candidate count and use fixed normalized conflict
coefficients for clique, packing, and exact cover. The practical comparison therefore depends on
the implementation of normalization and interactions, continuous precision, search dynamics, and
readout. Establishing performance for any device requires measurements beyond the exact formulations
developed here.
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A Compilation procedures

Algorithm 1 Three-level graph-to-StQP compiler

Input: A nonempty simple undirected graph G = (V, E) and 0 < 7 < 1.

Output: A symmetric matrix Q € SIVI.
1. Set Q;; = 7 for every i € V.
2. For each unordered pair {7, j}, set Q;; = Q;; = 0 if it is an edge, and set Q;; = Qj; = 1 otherwise.
3. Return Q.

Algorithm 2 Clause-literal compatibility graph
Input: Nonempty CNF clauses C, ..., Cy,, with m > 1.
Output: A clause-literal compatibility graph H.

1. Create one vertex v,y for every literal occurrence £ € Ci.
2. Join v, to v, ¢ exactly when r < s and ¢’ is not the complement of £.
3. Return H.

Algorithm 3 Factor-state weighted StQP compiler

Input: Nonempty finite domains D;, a nonempty collection of complete factor tables ¢, on scopes
S, offsets B, > max, ¢o(a), and 0 < 7 < 1.

Output: A matrix @ and recovery constants (B, Wmyin, 7).

1. For every factor a and assignment a € [[;c5, D;, create a vertex v = (o, a) with weight w, =
By — ¢a(a).

Mark distinct vertices (o, a) and (/3,b) compatible exactly when o # 3 and a, b agree on S, N Sg.
Compute wyin = min, wy, and set Quy = TWmin/Wy.

For u # v, set Q, = 0 on compatible pairs and @)y, = 1 otherwise.

Return @, B = )", Ba, Wmin, and 7.

AN

B Detailed decoding and purification

B.1 Purifying an approximate graph solution

Given x € A,, and graph G, a simple decoder orders vertices by decreasing x; and greedily builds
a clique. A more objective-aware purification repeatedly identifies a nonedge {7, j} in the positive
support and moves all mass from one endpoint to the other, choosing the endpoint move with smaller
StQP objective. By the proof of Theorem 3.1, this never increases the objective and terminates at
clique support in at most n — 1 eliminations.

Once a clique C' is obtained, replace its masses by the exact face minimizer:

1
T — (1€C) (87)
C|
for the unweighted compiler, or
T —2 (i eC) (88)
Zjec wj

for the weighted compiler. A greedy extension can then make C' maximal. None of these operations
certifies maximum weight.
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B.2 Factor-state decoding

At any clique-supported local minimizer, each factor contributes exactly one local state (Corol-
lary 5.8), so the selected states agree on overlaps and merge into a complete assignment; only its value
distinguishes a global minimizer from the rest. For an approximate nonclique support, one may:

(i) select the largest-mass state of each factor;
(ii) resolve variable disagreements by weighted voting;
(iii) perform local coordinate or factor updates in the original objective.

This repair is heuristic and should be timed and reported separately.

C Explicit formulations for selected catalog entries

C.1 Independent set and vertex cover

This is Section 6.1 in matrix form. For a graph G, let Az be the adjacency matrix of its complement.
Define R
Qis =211T — 245 — I.

Then )
min z r=—.
amin @ Qisr = o
If 2* has support S, then S is a maximum independent set and V '\ S is a minimum vertex cover.

C.2 Coloring matrix blocks

Index StQP coordinates by (v, ¢). The integer-scaled matrix has diagonal one. For distinct coordinates,
the coefficient is zero exactly when they are compatible:

Qv,e)ua) =0 <= vF#uand ({u,v} ¢ Eor c#d). (89)

All other off-diagonal coefficients equal two. The same-vertex k x k blocks are conflict cliques in the
matrix, and an edge {u,v} contributes conflicts only between equal-color pairs.

C.3 Hamiltonian matrix blocks

Coordinates are (p,v). Same-position and same-vertex pairs receive coefficient two. For consecutive
positions, a pair receives zero only if the corresponding graph edge exists. For nonconsecutive positions
with different vertices, the coefficient is zero. This block structure permits procedural matrix evaluation
without materializing all n* potential assignment pairs.

C.4 Max-Cut local states

For edge e = {i, j}, the four local states are 00,01, 10, 11. Their weights are L, L + c., L + c¢, L. States
on disjoint edges are always compatible. States on incident edges are incompatible exactly when they
assign different labels to the shared endpoint. Thus each pair of incident edge factors contributes a
sparse 4 x 4 conflict block.
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D A note on copositive certification

For any Q € SV,
v(Q) = max {A: Q - \1T € COPy}, (90)

where COPy is the copositive cone [19, 69]. Indeed, @ — A11T is copositive if and only if
y'Qy=A1Ty)? vy >0

Normalizing any nonzero y > 0 to = y/(17y) € Ay gives TQx > A. This identity provides an
exact global lower-bound certificate, although optimizing over the copositive cone is itself computa-
tionally hard. Tractable inner approximations, semidefinite hierarchies, and combinatorial bounds can
nevertheless certify many instances.

For a graph-coded matrix @(G), proving w(G) < k is equivalent to proving

Q(G) — %11T €COP,. (91)

Thus the formulation connects the physical energy minimum directly to a classical conic certificate.

E Notation summary

symbol meaning

Ay probability simplex {z > 0: 1Tz =1}

v(Q) optimum of mingena , *' Qw

Ag adjacency matrix of graph G

w(G) maximum clique cardinality

wy(G) maximum total vertex weight of a clique
Q-(G) three-level graph StQP matrix with diagonal 7
@(G) integer-scaled graph matrix 2Q;/2(G)

z(C) uniform barycenter of clique C

Na number of simplex coordinates in an encoding
Mg number of nonzero upper-triangular matrix entries
E(z) original finite-domain factor objective

B, factor offset satisfying (28)

Waa factor-state vertex weight B, — ¢, (a)

P(z,y) zero-penalty QUBO for binary-linear feasibility
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