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uninteresting details and finding what’s important.
This might not lead to an important problem, but it will
keep you from wasting time on non-problems.

0

The heart of mathematics is abstraction — ignoring
uninteresting details and finding what’s important.
This might not lead to an important problem, but it will
keep you from wasting time on non-problems.

0

The heart of mathematics is abstraction — ignoring
uninteresting details and finding what’s important.
This might not lead to an important problem, but it will
keep you from wasting time on non-problems.

0

The heart of mathematics is abstraction — ignoring
uninteresting details and finding what’s important.
This might not lead to an important problem, but it will
keep you from wasting time on non-problems.

0

A Formal Language for Writing Math
You studied math in school without one.
Why use one now?
Because you can’t use math outside a math class
if only a math teacher can check your math.
You need to write math in a formal language
so tools can check it.

1

A Formal Language for Writing Math
You studied math in school without one.
Why use one now?
Because you can’t use math outside a math class
if only a math teacher can check your math.
You need to write math in a formal language
so tools can check it.

1

A Formal Language for Writing Math
You studied math in school without one.
Why use one now?
Because you can’t use math outside a math class
if only a math teacher can check your math.
You need to write math in a formal language
so tools can check it.

1

A Formal Language for Writing Math
You studied math in school without one.
Why use one now?
Because you can’t use math outside a math class
if only a math teacher can check your math.
You need to write math in a formal language
so tools can check it.

1

A Formal Language for Writing Math
You studied math in school without one.
Why use one now?
Because you can’t use math outside a math class
if only a math teacher can check your math.
You need to write math in a formal language
so tools can check it.

1

The formal language I’ll use is called TLA+ .
It’s mostly a precise way to write the math you already know.
It introduces two concepts you haven’t seen before.
But they’re so simple you probably won’t notice
that they’re new.

2

The formal language I’ll use is called TLA+ .
(Don’t worry why.)
It’s mostly a precise way to write the math you already know.
It introduces two concepts you haven’t seen before.
But they’re so simple you probably won’t notice
that they’re new.

2

The formal language I’ll use is called TLA+ .
It’s mostly a precise way to write the math you already know.
It introduces two concepts you haven’t seen before.
But they’re so simple you probably won’t notice
that they’re new.

2

The formal language I’ll use is called TLA+ .
It’s mostly a precise way to write the math you already know.
It introduces two concepts you haven’t seen before.
But they’re so simple you probably won’t notice
that they’re new.

2

The formal language I’ll use is called TLA+ .
It’s mostly a precise way to write the math you already know.
It introduces two concepts you haven’t seen before.
But they’re so simple you probably won’t notice
that they’re new.

2

CONSENSUS

2
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The system must choose in what order to handle them.
The system is implemented by multiple computers.
They must choose a single ordering even if some
computers fail.
Paxos solves this problem by running multiple solutions
to the following problem.
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For any formula F that expresses a condition on states,
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invariant of Spec .
Recall that
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is defined by:

The Consensus module defines this state condition that is
stronger than TypeOK , and asserts that it’s an invariant:
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should be obviously correct because we’ll use it
to define what correctness of the Paxos spec means.
We should check it for two reasons:
– To learn how, because we’ll need to check that our
spec correctly describes the Paxos algorithm.

Paxos

– When you start writing specs, you can make mistakes
even in one as simple as Consensus .
The easy way to check a spec: use the TLC model checker.
Just tell TLC what set to use for

Value .

TLC computes all possible executions and reports an error
if one doesn’t satisfy 2 Inv .
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I don’t remember the thought process that led me to Paxos.
But I knew that execution on computers sending messages
to one another was an irrelevant detail.
I was thinking only about a set of processes and
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How they could get that information from messages
was the easy part that came later.
What I had first was what, many years later, I described
as the Voting algorithm that I’ll show you next.
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How to Write an Algorithm Today
1. Think up the algorithm.
2. Formally specify it.
If you can’t, go to 1.
3. Model check it.
If model checking finds an error, go to 1 or 2.
If you’re sufficiently convinced it’s correct
and you’re not going to publish it, then stop.
4. Write a rigorous correctness proof & keep model checking.
If you or the model checker find an error, go to 1 or 2.
Probably not machine checked.
See How to Write a 21st Century Proof .
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The Informal Idea Behind the Algorithm
The algorithm is executed by a set of processes.
An obvious approach:
Acceptors vote on which value to choose.
A value is chosen if a majority of acceptors vote for it.
An obvious problem with this obvious approach:
Assume 2N + 1 acceptors.
N vote for v1 . N vote for v2 .
The other acceptor votes and then fails.
There’s no way to tell if
or neither was chosen.

v1

was chosen, or

v2

was chosen,
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1. Don’t allow different acceptors to vote for different values
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2. Allow an acceptor to vote for value
v is safe at b .
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The set of all ballot numbers.
“Ballot” is easier to say than “natural number”.
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Describes what votes have been cast.
The value of

votes

is an array indexed by acceptors.

votes [a ] is the set of votes cast by acceptor a .
hb , v i ∈ votes [a ] means
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voted for value

v

in ballot

b.
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S

[Acceptor → S ] is the set of all functions with
domain Acceptor and values in S .
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SUBSET

T

T
is the set of all subsets of

T.
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Ballot × Value
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maxBal [a ] .
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The crucial definition.
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Claim: If this is true for some quorum
then

v

is safe at

b.

Q,
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By definition, this proves v is safe at b .
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The Voting module contains a theorem that is
a precise statement of this result.
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