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Sets, Functions, and Sequences

Sets

Definition 0.1 (Set). A set is a well-defined collec-
tion of distinct objects.

In MATH1081, this definition is sufficient, but the
unsatisfied reader may refer to ZFC.

e An element of a set is any object in the set.

— €: “belongs to” or “is an element of”.

— ¢: “does not belong to” or “is not an element
of”.

e A finite set can be specified by listing its elements
between braces. For example, {1,2,3} is a set.

e A set can be specified with set-builder notation
by specifying a property that its elements must
satisfy. For example,

{zxeR|2® -z >0}
is the set of real numbers x such that z° —z > 0.

e The cardinality of a finite set S, denoted by |5/,
is the number of elements in S.

Common Sets

The most commonly used sets are
e Positive integers Z+ = {1,2,3,...}.
e Natural numbers N =1{0,1,2,...}.
o Integers Z ={-2,—1,0,1,2,...}.

e Rational numbers Q = {g |p,q € Z,q # 0}.

e Real numbers R = metric completion of Q. You
don’t need to know or understand this definition;
just treat R as a space large enough so that cal-
culus works ‘intuitively’.

o Complex numbers C = algebraic completion of
R. You don’t need to know or understand this
definition; just treat C as a space large enough so
that every n-degree polynomial, has n solutions.

Relations between sets
Two sets S and T are equal, denoted by S =T, if

e every element of S is also an element of T', and

e every element of T is also an element of S.

That is, when they have precisely the same elements.
The empty set, denoted by (), is a set which has no
elements.
A subset of a set is a part of the set.

e C - “is a subset of”.
e ¢ - “is not a subset of”.

A set S is a subset of a set T if each element of S is
also an element of T.

e For any set S, we have ) C S and S C S.
e S=Tifandonlyif SCT and T C S.

A set S is a proper subset of a set T if S is a subset
of T'and S #T.

e () is a proper subset of any non-empty set.

e Any non-empty set is an improper subset of it-
self.

Hints for proofs:

e To prove that S C T, we can assume that z € S
and show that x € T.

e To prove that S = T, we can show that S C T
and T C S.

Operations on sets

It is often convenient to work inside a specified uni-
versal set, denoted by U, which is assumed to contain
everything that is relevant.

Venn diagrams are visualisations of sets as regions
in the plane. For instance, here is a Venn diagram of
a universal set U containing a set A:

U

Set operations and set algebra:

o difference (—,\) - “but not”

A-B=A\B={zecU|zcAand z ¢ B}

A\ B

)



e complement (¢, ) - “not”
A=A=U\A={zeU|z g A}

AC

o ynion (U) - “or”

AUB={zeU|ze€ Aorzc B}

AUB

)

o intersection (N) - “and”

ANB={zeU|z € Aand z € B}

ANB

)

Two sets are disjoint if AN B = 0.

Generalised set operations:

Uai=4u4u0---uA,;

i=1

[ A4i=A1NA;N---N A,
=1

Laws of set algebra

e Commutative laws:

ANB=BNA and AUB=BUA.

e Associative laws:
AN(BNC)=(ANnB)NC and
AUu(BUC)=(AUB)UC.

e Distributive laws:

AN(BUC)=(ANB)U(ANC) and
AU(BNC)=(AUuB)N(AUC).

Absorption laws:

AN(AUB)=A and AU(ANB)=A.

Identity laws:

ANU=UNA=Aand AUD=0UA = A.

Idempotent laws:

ANA=A and AUA=A

Double complement law:

(A°)° = A,

Difference law:

A—B=AnNB".

Domination or universal bound laws:

ANP=0NA=0and AUU=UUA=U.

Intersection and union with complement:

ANA°=A°NA=0and AUA° = A°UA=UT.

De Morgan’s Laws:

(AUB)® = A°N B and (AN B)° = A°U B°.

(AUB) = AN B°
U
(AN B)¢ = A°U B¢

’

e For a set expression involving unions, intersec-

tions and complements, its dual is obtained by
replacing N with U, U with N, § with U, and U
with (). The laws of set algebra mostly come in
dual pairs.



Power sets

The power set P(S) of a set S is the set of all subsets
of S.

e For any set S, we have ) € P(S) and S € P(S).
e The number of subsets of S is |P(S)| = 2!,

Ordered collections

An ordered pair is a collection of two objects in a
specified order. We use round brackets to denote or-
dered pairs; e.g., (a,b) is an ordered pair. Note that
(a,b) and (b,a) are different ordered pairs (if a # b),
whereas {a, b} and {b,a} are the same set.

An ordered n-tuple is a collection of n objects in
a specified order; e.g., (a1,as,...,a,) is an ordered

n-tuple. Two ordered n-tuples (ai,as,...,a,) and
(b1,ba,...,b,) are equal if and only if a; = b; for all
i=1,2,...,n

The Cartesian product of two sets A and B, de-
noted by A x B, is the set of all ordered pairs from
A to B:

A x B={(a,b)|la € A and b€ B}

If |A| = m and |B| = n, then we have |A x B| = mn.

The Cartesian product of n sets Ay, Ao, ..., A, is
the set of all ordered n-tuples (ai,as,...,a,) such
that a; € A; for all i =1,2,... n:

Al x Ay x - x A,
:{(al,ag,...,an)\ai € A; for alli:1,2,...,n}

When X and Y are small finite sets, we can use an
arrow diagram to represent a subset S of X x Y: we
list the elements of X and the elements of Y, and then
we draw an arrow from z to y for each pair (x,y) € S.

For example, below is the arrow diagram for S
it X = {a,b,c} and ¥ = {1,2,3,4} and S =
{(a,2), (a,3), (e, 1)}.

s

Functions

Definition 0.2 (Function). A function f from set X
to a set Y is a subset of X x Y such that for every
x € X, there is exactly one y € Y for which (z,y)
belongs to f.

Domain, Codomain, Range and Graph

e We write f: X — Y, where X is the called the
domain of f and Y is the codomain of f.

o If (x,y) € f, we write f(z) =y or f:a — y,
where the latter is read as “x maps to y under

f”.

e The range of f is a subset of the codomain, given
by

{y e Y|y = f(z) for some z € X}.
e The graph of a function is the set of all points
(z,y) € f.

Ceiling and Floor

For any =z € R,

e the floor function, which we denote |z, outputs
the largest integer less than or equal to x;

e the ceiling function, which we denote [z], out-
puts smallest integer greater than or equal to x.

Image and Inverse Image

e The image of a set A C X under a function
f+ X —Y is denoted by

fA) ={yeY|y= f(x) for some z € A}.

e The inverse image or preimage of a set B CY
under a function f: X — Y is denoted by

f7U(B) ={z € X|f(z) € B}.

Injective, Surjective and Bijective

A function f: X — Y is

e injective or one-to-one if for every y € Y, there
is at most one z € X such that f(z) =y.

To prove that a function f is injective, we
can prove that if f(z1) = f(z2), then z1 = xs.

e surjective or onto if for every y € Y, there is at
least one € X such that f(z) = y. In other
words, the range is the same as the codomain.

e bijective if it is both injective and surjective.
That is, for every y € Y, there is exactly one
x € X such that f(x) =v.



Composition

For functions f: X — Y and g : Y — Z, the compos-
ite of f and ¢ is the function go f : X — Z, defined

by (go f)(x) = g(f(z)) for all z € X.

e The composite function exists if and only if the
range of f is a subset of the domain of g.

e Function composition is not commutative in gen-

eral. That is (go f) # (f o g).
e Function composition (assuming it exists) is as-
sociative. That is ho (go f) =(hog)o f.
Identity and Inverse

e The identity function on a set X is the function
ix: X —X,ix(z) ==

e Afunctiong:Y — X isan inverseof f: X =Y
if g(f(z)) = for all z € X and f(g(y)) =y for
ally € Y. That is, go f =ix and fog=1iy.

e If a function f : X — Y has an inverse, then f
is invertible, and the inverse is denoted as f~!.

Some theorems on inverses and invertibility:
e A function can have at most one inverse.

e A function is invertible if and only if it is bijec-
tive.

oif f: X - Y and g : Y — Z are invertible,
then sois go f: X — Z. The inverse of go f is

fltog™h
Sequences
Definition 0.3 (Sequence). A sequence
ag,a1,.--,0%,... 1is an ordered list of objects,

where each object aj is called a term and the
subscript k is called an index. The sequence is
denoted by {ax}, or {ar}2,.

Arithmetic and Geometric Progressions

Two common sequences are arithmetic and geometric
progressions.

e An arithmetic progression is a sequence {by}
where by, = a + kd for all Kk = 0,1,..., for some
fixed numbers a € R and d € R, written as

a,a+d,a+2d,...,a+kd,....

That is, the difference across all consecutive pairs
of terms is fixed, and the starting term is a.

e A geometric progression is a sequence {cp} de-
fined by ¢, = ar® for all k = 0,1,... for some
fixed numbers a € R and r € R, written as

a,ar,ar?, . ark, L

That is, the ratio across all consecutive pairs is
fixed, and the starting term is a.

Summation Notation

For m < n,

Zak:am+am+l+am+2+"'+an

k=m

Summation satisfies the properties of a linear trans-
formation. That is,

n
Z ag + bg) =
k=m

n

Z ap + Z br
k=m

k=m

and

i )\ak )\Zak

k=m

However, note that, in general

S () (5

Product Notation

For m < n,

n

Hak:am’am+1'am+2"'an

k=m

We can write

Lo = (1) (11 )

However, note that, in general

:::

k

n

H(ak-kbk)?é H ay + H br..
k=m k=m k=m

Integers, Modular Arithmetic
and Relations

Integers

Tip: For rational numbers, a condition we also of-
ten impose on p and ¢ is that their greatest common
divisor is 1. That is, ged(p,q) = 1.



Divisibility Notation

For integers a and b, if there exists an integer m such
that b = am, then we can write a | b, read as a divides
b. Note m does not have to be unique.

If such an integer m does not exist, then we write
athb.

Properties of Divisibility
Suppose a, b and ¢ are integers.
e For any integer a, a|0 is trivially true.

e If a >0 and b > 0 and a|b, then we must have
a<b.

e 0|b is true only when b = 0.
e If a|b, then a|bc.

e If a|b, then a|(sb+ tc) for all integers s and ¢.
A corollary is that if a|b, then a| (b + ).

e If a|bandb|e, then a|c. This property is called
transitivity.

Prime and Composite Numbers

An integer n > 1 is prime if and only if its only
positive factors are 1 and itself.

An integer n > 1 is composite if and only if it is
not prime.

The number 1 is neither prime nor composite.

Greatest Common Divisor

For integers a and b, not both zero, their greatest
common divisor, denoted as gcd(a, b), is the largest
integer d such that d | a and d | b.

If ged(a,b) = 1, then we call a and b coprime or
relatively prime.

Least Common Multiple

For non-zero integers a and b, their least common
multiple, denoted as lem(a, b), is the smallest positive
integer m such that a | m and b | m.

The least common multiple can be determined from
the greatest common divisor using the fact that

|ad|

lcm(a, b) = m

Fundamental Theorem of Arithmetic

The Fundamental Theorem of Arithmetic states that
every positive integer has a unique prime factorisa-
tion, apart from the order of the prime factors.

Property of Prime/Composite Numbers

If n is composite, then n has a prime factor less than
or equal to \/n. We use the contrapositive — that if n
has no prime factor less than or equal to /n, then it
is prime — to determine whether a number is prime.

Preliminary Theorem

The following theorem helps us understand why Eu-
clid’s algorithm works.

Let a,b,q and r be integers such that a = ¢b + r,
where a and b are non-zero. Then

ged(a, b) = ged(b, r).

Euclid’s Algorithm

This algorithm is used to find the greatest common
divisor of two integers. Given two integers a and b
where a > b, we write a = bq + r, where ¢ is the
quotient and r is the remainder upon division of a by
b. We recursively repeat this process on the divisor
and remainder until the remainder is 0. The last
divisor is the greatest common divisor of a and b.
For example, suppose a = 16758 and b = 14175.
Then we use Euclid’s algorithm in the following way.

16758 =1 x 14175 4 2583,

14175 = 5 x 2583 + 1260,
2583 = 2 x 1260 + 63,
1260 = 20 x 63 + 0.

We can deduce from the above theorem that
ged(16758,14175) = ged (1260, 63) = 63.

Bézout Property

Consider the equation ax + by = ¢, where a,b and ¢
are integers, with a and b not both zero. Then the
equation has integer solutions of x and y if and only
if ¢ is a multiple of ged(a, b).

Extended Euclid’s Algorithm

This algorithm is used to find an integer solution of
x and y to the equation ax + by = ged(a, b), where a
and b are integers.

To do this algorithm, we perform Euclid’s algo-
rithm on the integers a and b, then ‘undo’ the algo-
rithm by replacing the remainder of every equation
with with sums of multiples of the corresponding di-
visor and dividend in a preceding equation.

For example, as with a = 16758 and b = 14175,
from the computations in the previous section, we



can write

63 = 2583 — 2 x 1260
= 2583 — 2(14175 — 5 x 2583)
=11 x 2583 — 2 x 14175
=11 x (16758 — 1 x 14175) — 2 x 14175
=11 x 16758 — 13 x 14175.

We thus obtain the integer solution x = 11, y = —13.
Tip: Perform only one substitution (namely, for the
smaller remainder) at each step, then collect like
terms, before performing another substitution.

Modular Arithmetic

Definition 0.4 (mod). Recall that, if a is an integer
and m is a positive integer, then there exist unique
integers q and r, such that a = gm+r and 0 < r < m.

We define @ mod m to be this remainder r.

Congruence

Definition 0.5 (Congruence). Two integers a and b
are said to be congruent modulo m, denoted by a = b
(mod m), if (¢ mod m) = (b mod m).

Other equivalent definitions of congruence include
e m|(a—b)
e a = b+ km for some integer k.

Properties of congruence: If a = b (mod m) and ¢ =
d (mod m), then

e a+c=b+d (mod m)

e a—c=b—d (mod m)

e ac=bd (mod m)

e a" =b" (mod m) for all n > 0.

e la =1b (mod m) for all integers !

e a =b (mod n) for all integers n satisfying n | m

Inverses

Definition 0.6 (Inverse). Let m be a positive integer
and a,b € Z be such that ab=1 (mod m). Then

e a,b are inverses modulo m.
e b is an inverse of a modulo m, and vice versa.

It can be shown that the inverse of any element, if
it exists, is unique modulo m.

Solving Linear Congruences

For integers a, b and positive integer m, the aim is to
find all integers x so that ax = b (mod m).

We are essentially finding integer solutions of x and
y to the equation ax + my = b, except we disregard
the value of y.

Existence of Solutions

Solutions of z do not necessarily exist when trying to
solve linear congruence. The number of solutions of
x depends on ged(a, m).

e If gcd(a,m) is not a factor of b, then the congru-

ence has no solution.

e Otherwise, the congruence has gcd(a,m) solu-
tions.

Method for Solving Linear Congruence

When solving linear congruences, we often make use
of the following theorems
e If gcd(a,m) = 1, then az = b (mod m) has the
solution = c¢b (mod m) where ¢ is an inverse
of a modulo m.

e If ¢ # 0, then ax = b (mod m) and cax = cb
(mod em) have the same solutions.

Suppose we want to solve the linear congruence
52z =8 (mod 60).

1. Decide whether there are solutions to the equa-
tion by checking whether ged(52,60) divides 8.
Here ged(52,60) = 4 does divide 8, so we can
proceed with finding solutions.

2. We divide the equation by ged(52,8) = 4, lead-
ing to the congruence equation

13z =2 (mod 15). (1)

3. Note that ged(13,15) = 1, so we use the Ex-
tended Euclidean Algorithm to find the inverse
of 13 modulo 15.

15=1x13+2 1=13-6x2
13=6x2+1 =13-6x (15— 13)
2=2x1+0 =7x13—-6x15

Notice that 7 x 13 = 1 (mod 15). Thus, the
inverse of 13 modulo 15 is 7 and so a solution to
(isx=7x2=14.

4. We can write the solutions in terms of the orig-
inal modulus: =z = 14, 29,44,59 mod 60. There
are exactly ged(52,60) = 4 solutions.



Shortcuts

We can sometimes solve congruences using the fact
that, given ged(e, m) = 1 then

ecp=cq (modm) < p=gq (mod m).
For example, given the equation 13z = 1 (mod 15),
we can rewrite it as —2x = —14 (mod 15), which
means by the above fact that =7 (mod 15).

Relations

Definition 0.7 (Relation). A relation R from a set
A to a set B is a subset of A x B.

e If (a,b) € R, we say that “a is related to b (by
R”, and we write a R b.

o If (a,b) € R, we write a R b.

For finite sets A and B, we can represent the rela-
tion R C A x B on finite sets A and B using

e arrow diagrams, by listing the elements of A then
listing the elements of B, then drawing an arrow
from a to b for all pairs (a,b) € R;

e matriz, by arranging the elements in some order
ai,as,...and by, by, ..., and constructing an |A]
by |B| matrix Mg such that

1 ifa; Rb;;
[MRg)ij = . ’
0 if a; R b7

For example, suppose A = {1,2,3,4} and B =
{2,4,5}. We define the relation Ry C A x B such
that

Rl = {(L 2)7 (37 2)a (3’ 4)7 (4a 4)}

1 P
Ve 100
00 0
; 4 Mr=17 1 o
01 0
4 ®5

Figure 1: Arrow Diagram and Matrix

The matrix is based on the numerical order of A
and B.

Let C ={1,2,3,4,5}. We define the relation Ry C
C x C such that

Ry ={(1,1),(1,2),(2,1),(2,3),(2,4), (3,4)}

1 100 0
1 1 0110

) °5 Mr=10 0 0 1 O
00000

3 4 00 00O

Figure 2: Arrow Diagram and Matrix

Again, the matrix is based on the numerical order
of the set C.

A function is a relation R C A x B with the special
property that for every a € A, there is exactly one
b € B such that a R b.

Reflexivity, Symmetry, Antisymmetry, Tran-
sitivity

We say that a relation R on a set A is

reflexive if a R a for all elements a € A.

o symmetric if a Rb = b R a for all elements
a,be A

o antisymmetric if a Rband b Ra = a = b for
all elements a,b € A.

transitive if a R b and b R ¢ = a R c for all
elements a,b,c € A.

Note: antisymmetric is not the opposite of sym-
metric. A relation can be both symmetric and
antisymmetric.
arrow diagram | matrix
reflexive We must have a | Diagonal  en-
g at every dot. | tries are all
1.
symmetric If we have a | For i # j,
e, we must | m;; = m;;.
have .
antisymmetric | We cannot have | For ¢ # j, m; ;
a e, and m;; cannot
be both 1.
transitive If we have a | For every non-
, we must Zero entry in
M?, the corre-
have A If | sponding entry
we have a <, | i) N7 must be 1.
we must have




Equivalence Relations and Classes

An equivalence relation is one that is reflexive,
symmetric and transitive.

e We often write ~ to denote an equivalence rela-
tion.

e a ~ bisread as “a is equivalent to b".

Let ~ be an equivalence relation on a set A. For any
element a € A, the equivalence class of a with respect
to ~, denoted by [a], is the set

[a] ={x € A|z ~ a}.

Theorems
Let ~ be an equivalence relation on a set A. Then

e every element of A belongs to exactly one equiv-
alence class.

e every equivalence class contains at least one ele-
ment.

o foralla,be A, a~biff [a] = [b].

e foralla,be A, a £ biff [a]N[b] = 0. That is, the
equivalence classes are either equal or disjoint.

Equivalence Classes and Partitions

A partition of a set A is a collection of disjoint
nonempty subsets of A whose union equals A. Let
A be a set.

e The equivalence classes of an equivalence relation
on A partition A.

e Any partition of A can be used to form an equiv-
alence relation on A.

Partial Orders

A partial order is a reflexive, antisymmetric and tran-
sitive relation.

e We often write < to denote a partial order: a < b
reads “a precedes b".

e A set A together with a partial order < on the
set is a partially ordered set, or poset, denoted by
(4,2).

e We say two elements a,b € A are comparable
with respect to a partial order < iff either a < b
or b < a holds.

e A partial order in which every two elements are
comparable is called a total order or linear order.

Representing Partial Orders

We represent a partial order < on a finite set by a
Hasse diagram:

e If a < band a # b, then a line between a and b
is drawn, with a positioned lower than b.

e We don’t draw any lines that can be deduced by
the transitive property.

e We don’t draw loops to indicate the reflexive
property.

For example, for the poset ({1,2,3,4,6}, |), we draw

4 6

Figure 3: Hasse Diagram

Maximal, Minimal, Greatest and Least

Let (A, =) be a poset;. An element z € A is called

o A mazimal element if there is no element a € A
such that z < a.

A minimal element if there is no element such
that a < x.

The greatest element if a < x for all a € A.
e The least element if x < a for all a € A.

Note that the greatest and least elements, if they ex-
ist, must be unique.

Proofs and Logic

Types of provable statements
Universal statements

e A wuniversal statement has the form “Vx € D,
P(x) is true”.
— D is called the domain of disclosure.
— P(x) is some property /statement related to

x.

e The universal quantifier symbol V is read as “for
all”.



e The general structure for a proof of a universal
statement is:
Let z € D.

Then P(z) is true.

e To disprove a universal statement, we only need
to provide a single counterexample.

Existential statements

e A universal statement has the form “Jr € D,
such that P(z)”.

e The existential quantifier symbol 3 is read as
“there exists”.

e The general structure for a proof of an existential
statement is:
Choose x € D to be .. ..

Then P(z) is true.

e To disprove an existential statement, we need to
show the property does not hold for every ele-
ment in the domain (a universal statement).

Conditional statements

e A conditional statement has the form “P = @Q”,
or “If P is true, then @ is true”.

e The implication symbol =, is read as “implies”.

e The general structure for a proof of an existential
statement is:
Suppose P is true.

Then Q@ is true.

e To disprove a conditional statement “If P is true,
then @ is true”, we must provide a counterexam-
ple where P is true but @ is false.

Converse statements

e The converse of a conditional statement “If P is
true, then @ is true” is “If @ is true, then P is
true”.

e The reverse implication symbol < is the oppo-
site of the implication symbol =-.

e In general, the converse of a statement is in-
dependent of the original statement. That is,
proving/disproving a statement does nothing to
prove/disprove its converse, or vice versa.
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Biconditional statements
e A biconditional statement has the form “P < Q.

e The double implication symbol & is read as “if
and only if”, written “iff” for short.

e The general structure for a proof of an existential
statement is:
Suppose P is true.

Then @ is true.
Now suppose (@ is true.

Then P is true.

e To disprove a conditional statement, disprove ei-
ther direction.

Multiple quantifiers

e It is possible for a statement to contain more
than one quantifier, such as a statement of the
form “Va Jy P(z,y)".

The general structure for a proof using multi-
ple quantifiers comes from adapting each part in
turn. For example, the structure of a proof of
the statement “Vx € D Jy € Dy P(z,y)” would
be:

Let x € D;.

Choose y € Dy to be ...

Then P(x,y) is true.

To disprove a conditional statement, disprove ei-
ther direction.

Negation

e The negation of a statement is a statement that
is true precisely when the original statement is
false.

The negation symbol ~, or sometimes —, is read
as “not”.

For example, ~ (x = y) means the same thing

as T # y.

The negation of a universal statement:

~ <Vﬂc €Dst P(x)) =3z € D st~ P(x).

The negation of an existential statement:

~ (330 €Dst P(x)) =Vz € D s.t ~ P(x).



e The negation of a conditional statement:
~ <P == Q> =Pand~Q

e The negation of a biconditional statement:

-(r=a)

e When negating a statement with multiple quan-
tifiers, negate each quantifying component in
turn. More precisely, apply the facts that

=~

(PﬁQ) or N(QéP).

~ (Jz P(x)) is equivalent to Vz(~ P(x))
and

~ (Vz P(z)) is equivalent to Jz(~ P(x)).

Proof techniques
Contraposition

e The contrapositive of a conditional statement “If
P is true, then @ is true” is “If @ is false, then
P is false”.

e Symbolically, the contrapositive of P = @ is ~
P=~Q.

e The contrapositive of a statement is equivalent
to the original statement. This means that to
prove any conditional statement, we can instead
prove its contrapositive.

Contradiction

e To prove a statement by contradiction, we as-
sume the required result is false, and eventually
derive a fact that is obviously false, which affirms
that the original result was in fact true.

e The general structure for a proof by contradic-
tion of a simple statement “P is true” is:

Suppose P is false.

This is a contradiction.
Thus P is true.

Mathematical Induction

e The technique of mathematical induction can be
used to prove results for all elements of a count-
able set, such as the natural numbers.

e Proving the statement “For all integers n >
ng, P(n) is true,” is broken down into two parts:
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— Base case: Prove that P(ng) is true.

— Inductive step: Prove that P(k) = P(k+1)
for all &k € N.

e Strong induction instead proves in the inductive
step that for all kK € N, if P(ng), P(ng +1), ...,
and P(k), then P(k+ 1),

Symbolic Logic Terminology
Propositions

Definition 0.8 (Proposition). A proposition is a
statement that is unambiguously true or false.

More complicated expressions, called compound
propositions or propositional forms, can be con-
structed from propositions using logical operators. If
p and ¢ are propositions, then

e (~q) — (~ p) is the contrapositive of p — ¢;

e ¢ — p is the converse of p — q.

Truth Tables

Truth tables allow us to prove or disprove the logical
equivalence of statements by listing every possible
combination of truth values T or F that can be
assigned to the propositions of each statement, and
checking whether the statements always yield the
same truth value.

If the statements always yield the same truth value,
then they are logically equivalent, denoted by <= or
=. An alternative way of showing that the statements
are not equivalent is to assign specific truth values to
each proposition in the statement in such a way that
one of the statements is true and the other is false.

Logical operators
Negation

The truth value of ~ p is the opposite of the truth
value of p.

~p
F
T

RS

And

The conjunction p A q is true when both p and g are
true, and false otherwise.
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Or

The disjunction pV q is false when both p and ¢ are

£ B S T B S

false, and true otherwise.

I e s

ESIEES I B s

Exclusive Or

The statement p@® ¢ is true when either p or g is true,

but not both.

£ S L B

S L L R

o NN

Only If

The conditional proposition p — ¢ is always true
except when p is true and ¢ is false.

e IR R (S

S M B | £S5

B s Bl S

F

It can be shown that

ep—q = (~p)Vg

ST B I B S

NN NS

e p—q < (~q) — (~p)

If and Only If

The biconditional proposition p <> ¢ is true when p

and ¢ are both true or both false.

pop

SIS I B RS

q
T
F
T
F

N D mS
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It can be shown that p <> ¢ < (p — q) A (¢ — p).

Tautology, Contradiction, Contingency

A tautology T is a propositional form that is al-
ways true. Note that all tautologies are logically
equivalent. Conversely, if a statement is logically
equivalent to a tautology, then the statement it-
self is a tautology.

A contradiction F is a propositional form that
is always false. Note that all contradictions are
logically equivalent. Conversely, if a statement is
logically equivalent to a contradiction, then the
statement itself is a contradiction.

A contingency is a form that is neither a tautol-
ogy nor a contradiction, because its truth value
depends on an unknown proposition.

Laws of logical equivalence

Here are some of the most useful logical equivalences.

Commutative laws:
pAq < qAp and pVgq < qVp.
Associative laws:

(pAg) AT <= pA(gAr)and
(pVq@Vr < pV(gVr).

Distributive laws:

pA(gVr) <= (pAgV (pAT)and
pV(gAr) <= (pVg A(pVr).

Absorption laws:
pA(pVq) < p and pV(pAq) < p
Identity laws:

pAT < p and pVF < p.
Laws of negation:
pV(~p) <= T and pA(~p) < F.
Double negation law:
~(~p) = p.
Idempotent laws:

pAp < p and pVp < p



e Domination laws:

pVT < T and pAF < F

e De Morgan’s laws:

It is noteworthy that many of these laws have a
corresponding law in set algebra.

Equivalence and Logical Implication

Two propositional forms P and @ are logically
equivalent if and only if P <+ @ is a tautology.
Symbolically, the <+ turns into a <.

We say that P logically implies @ if, whenever P
is true, @ is also true. This happens if and only if
P — @ is a tautology. Symbolically, the — turns
into a = .

It can be shown that P <= (@ if and only if
P = Qand Q = P.

Arguments

Suppose Py, ... P,,Q are propositions. An arqument,
can be formed by writing

Py

Pn
Py, ..., P, are hypotheses, and @Q is the conclusion.
The argument is valid when, in the case where all
hypotheses are true, the conclusion is also true. This

is equivalent to saying that the argument is valid if
and only if PLA--- AP, = Q.

Rules of Inference

The following are examples of valid arguments,
known as rules of inference.

e modus ponens

p—4q

e modus tollens
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P—q
_~q
'\~ p.

e hypothetical syllogism

P—q
q—rT
Sp=T.

We can verify the validity of an argument using rules
of inference, truth tables or laws of logical equiva-
lence.

Combinatorics

Counting sets
Addition law

Given finite sets A1, Ag, ..., A, that are disjoint (A;N
A; =0 for all i # j), we have

[A1 UAs U---UA,| = |A1]| 4+ |A2| + - + Al

Likewise, if n mutually exclusive events can occur
in ki, ko,...,k, different ways, then the number of
ways any one of the events can occur is k1 + ko +
ot Ky,

Multiplication law

Given finite sets Ay, As, ..., A,, we have

|A; X Ay x -+ x Ap| = |Ar] % |Ag| X - x |Ay].

Likewise, if m independent events can occur in
ki,ksa, ..., k, different ways, then the number of ways
every event can occur is kiks - - - k.

Complement law

Given a finite universal set &/ and some set A C U,
we have

Al = U] — A%

Likewise, if an event can have m different possible
outcomes, and a particular event E can occur in n
different ways, then the number of ways E cannot
occur is m — n.



Inclusion-exclusion Principle

Given finite sets A1, A, As, ... we have

|A1 U Ay| = |Ay| + |Az] — |AL N Ay,

|A1 U As U Ag| =|A1| + |Aa| + | As]
— A1 N Ag| — A1 N As| — |A2 N As|
+ |A1 N A, ﬂA3|,

and, in general,
n

Ja

i=1

1<j i<j<k
+F+(=D"MANAN---NA,

Arrangements of objects
Arrangements of distinct objects

Given n distinct objects, they can be arranged in n!
different ways.
The factorial of a positive integer n is given by

n!l=1x2x3x...xn, while 0! = 1.

Arrangements of non-distinct objects

Given n objects of m distinct types, where there are
k1 of one type, ko of another type, and so on (with
n ==k +ko+...+ k), they can be arranged in

n ) n!
ki,koy... km

T kel k!

different ways.
This is called a multinomial coefficient, as it is
also the coefficient of 25252 ... zFm in the expanded

multinomial expression for (z1 + 22 + -+ 4+ ;)™

Selections of objects
Ordered selections

A permutation of objects is a selection of objects
whose order of selection matters.

We denote the number of ways to choose a per-
mutation of size k from n distinct types of object
(without repetition) by P(n,k) or ™Py.

n!

(n— k)

The number of ways to choose a permutation of

size k from n distinct types of object with repetition

allowed is n*.

It is given by P(n,k) =

=D 1A= 1AN A+ Y AN Ay N Ay
i=1

Unordered selections

A combination of objects is a selection of objects
whose order of selection does not matter.

We denote the number of ways to choose a combi-
nation of size k from n distinct types of object (with-
out repetition) by C(n, k) or "C, or <Z)

L. n n!

It is given by (k) = =R

This is called a binomial coefficient, as it is also
the coefficient of x¥y"~* in the expanded binomial
expression for (z + y)™.

The number of ways to choose a combination of

size k from n distinct types of object with repetition

allowed is (n +I]: -1

“stars and bars" approach.

). This result comes from the

Likewise, the number of solutions to x1 +zs+---+
n+k— 1)

xr = n, where xz; € N for all 7, is < i

Pigeonhole principle

Pigeonhole principle: Given n objects to dis-
tribute amongst k boxes, if k£ < n then at least one
box contains more than 1 object.

Generalised pigeonhole principle: Given n ob-
jects to distribute amongst k boxes, at least one box

. n .
contains at least [E—‘ objects.

As a corollary, the minimum number of objects
required to be distributed amongst k£ boxes such
that at least one box contains at least m objects is
n=m-1)k+1

Recurrence relations
Terminology

e A recurrence relation is any relation which de-
scribes a sequence {ay} by defining successive
terms in relation to previous terms.

e A sequence defined by a recurrence relation is not
explicitly described unless it also includes initial
conditions, which usually give the first value(s)
of the sequence.

e A closed form solution for a sequence {a,} is an
equation that gives an as a function of n only.

e A linear recurrence relation for a sequence {a, }
recursively defines a,, in relation to a linear com-
bination of previous terms.
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e A linear recurrence relation of order k (or kth-
order linear recurrence) is one in which a,, is de-
fined recursively as far back as k earlier terms in
the sequence {a,}.

Homogeneous linear recurrence relations

A homogeneous linear recurrence relation is one in
which all terms are constant multiples of terms from
the sequence {a,}.

To solve a homogeneous recurrence relation

(p + C10p_1 + C20p_2++ + Crlyp_f =0
for given constants c;:

e Find the roots r1,r9,...,r of the characteristic
equation el pegrf 2 o 4o = 0.

o If there are no repeated roots, write a,, = A1+
Agry + -+ 4+ Apry for arbitrary constants A;.

If any root is repeated, multiply each repeated
instance by n (possibly multiple times) to pre-
serve independence of terms. For example, if
ry = ro = r3, write a, = Ayr] + Asnry +
Azn?rd + -+ Apry for arbitrary constants A;.

Substitute the initial conditions into the general
solution to find the values of each A,.

Inhomogeneous linear recurrence relations

A inhomogeneous linear recurrence relation is one in
which all terms are constant multiples of terms from
the sequence {a,}, except for one term which is a
function of n.

To solve a homogeneous recurrence relation

an + C1an_1 + C2an_2 + -+ cpan_k = f(n)
for given constants c;:

e Find the homogeneous solution h, by solving
hp + cihp—1 + cohp—o + -+ + chp—r = 0 as

above, but do not yet find the values of each A;.

Guess the particular solution p, by setting p,
to be a generalised form of f(n). For example,
guess a general polynomial of the same degree
as f(n), or a general exponential with the same
base as f(n).

If any term in the guess for p,, appears as a term
in the homogeneous solution h,,, multiply it by
n (possibly multiple times) to preserve indepen-
dence of terms.

Write the general solution a,, = h,, + py.

Substitute the initial conditions into the general
solution to find the values of each A;.
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Graph Theory

The Basics
Definition
Formally, a finite graph G consists of:

e a set V whose elements are called the vertices of
G;

e a set E whose elements are called the edges of
G;

e a function that assigns to each edge e € E an
unordered pair of vertices, called the endpoints
of e.

Intuitively, a graph G is simply a collection of dots

(‘vertices’) and lines (‘edges’) connecting them.

Here is an example:

So using our terminology above:
o the set V is {x1, 29, x3, x4, x5};
o the set F is {e1,e2,e3,¢€4, €5, €6, €7, €8,€9}.

We can also summarise the endpoints of this graph
in the following table:

Edge | Endpoints
€1 {.231}

2 {z1, 22}
e3 {z1, 23}
€4 {z1, 25}
€5 {24, 25}
€6 {w3, x5}
er {74, 6}
es {w3, 24}
€9 {$27 3U4}




Essentially, the endpoints of an edge are the vertices
connected by that particular edge. For example, e;
is only connected to x; and hence, the endpoint of e;

is {1171}

Terminology

e If the edge e € E has endpoints v,w € V, then
we say that:
— The edge e connects the vertices v and w.

— The edge e is incident to the vertices v and
w.

— The vertices v and w are the endpoints of
the edge e.

— The vertices v and w are adjacent.

— The vertices v and w are neighbours.

e Two edges with the same endpoints are multiple
or parallel.

e A loop is an edge that connects a vertex to itself.

e The degree of a vertex v, denoted by deg(v), is
the number of edges incident with v, counting
the loops twice.

e An isolated vertex is one with degree 0, and a
pendant vertex is one with degree 1.

o A simple graph is a graph with no loops or par-
allel edges.
The Handshaking Theorem

The total degree of a graph is twice the number of
edges. That is,

2|E| =) deg(v).
veV
Consequently, this means that:

e the total degree (the sum of all vertex degrees)
of a graph must be even;

e the number of vertices with odd degree must be
even.

Special Kinds of Graphs
1. The complete graph, denoted as K, is a simple
graph with:
e 1 vertices;

e exactly one edge between each pair of dis-
tinct vertices.

Hence, the number of edges in K, is (Z)

For example, K5 looks like:

oG

2. The cyclic graph C,, (n > 3) consists of
e n vertices v, V2, ..., Un;

e n edges {v1,va}, {va,v3}, ..., {vn, v1}.

For example, C5 looks like:

3. The n-cube @, is a simple graph with:

e vertices for each bit string ajas---a, of
length n, where a,, € {0,1};

e vertices are adjacent if and only if they dif-
fer by one bit.

The number of edges in @, is n2"~' and the
number of vertices is 2".

For example, Q2 looks like:

4. A bipartite graph is one such that:

e the vertex set can always be partitioned
into two subsets V1, Va;



e no vertex is adjacent to any vertex in the The Adjacency Matrix

bset.
SAIE SUbSe Let G be a graph with an ordered listing of vertices

For example, the following graph is bipartite: v1,V2,...,U,. The adjacency matrix of G is the n xn
matrix A = [a;;] with a;; = the number of edges
c containing v; and v;.
a a e The entries a;; depend on the order in which the
vertices have been numbered.

e Changing the vertex order corresponds to per-
muting the rows and columns.

e e e The adjacency matrix A is symmetric, i.e, A =
AT,
e For example, for the following graph,
Since the complete vertex set V, can be par- T
titioned into the two sets V4 = {1,3,5} and -
Vo = {2,4,6}.

5. The complete bipartite graph K, ,, is the simple the adjacency matrix is,

bipartite graph with vertex set V3 U Vs with

e 1/ containing m vertices and V5 containing A=
n vertices;

o N O
= O N
— = O

e edges between every vertex in V; and ev-

ery vertex in V5. Paths and Circuits

K. n has m 4+ n vertices and mn edges. Definitions

For example, K> » is:
e A walk in a graph G is an alternating sequence

e e of vertices v; and edges e; in G, written as
' P = vgervieqvs ... Up_1€5Un,
e‘a where v;_1 and v; are the endpoints of edge e;

for all 1.

Subgraphs e The length of the walk is the number of edges

involved (n above).
Let GG1 and G5 be two graphs with vertex sets V; and
V5 and edge set E; and E5y. Then, G; is a subgraph

of G5, and we write G; C Ga, if and only if

e A closed walk is one that starts and ends in the
same vertex.

e V1 C Vs e In a simple graph, a walk can be specified by

stating the vertices alone.
o 1 C Ey;

e each edge in (G has the same endpoints as in G. * A path is a walk with no repeated edges.

e A circuit is a closed walk with no repeated edges.

Complementary Graphs
e A path P is simple if and only if all the vertices

Let G be a simple graph. The complementary graph visited by P are distinct. That is, there are no
G of G is a simple graph with repeated vertices.

e the same vertex set as G; . . . . .
e vertex:s ’ e A circuit C'is simple if and only if all the vertices

e an edge joining two vertices if and only if they visited by C' are distinct, except of course the
are not adjacent in G. first and last vertices (which are the same).
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Theorems Related to Paths & Circuits

e Let a and b be vertices in a graph. If there is
a walk from a to b, then there is a simple path
from a to b.

e If A is the adjacency matrix for G with ordered
vertices v1,...,v,, then the number of walks of
length £ from v; to v; in G is given by the entry
in the ith row and jth column of A*.

Connectivity

e Vertices a,b of a graph G are connected in G if

and only if there is a walk from a to b.

A graph G is connected if and only if every pair
of distinct vertices is connected in G.

Let G be a graph with vertex set V. The relation
~ on V defined by

v; ~ vj; if and only if v; is connected to v; in G,
is an equivalence relation.

The equivalence classes of this relation are the
connected components of G. Two vertices are
in the same connected component if and only if
they are connected in G.

Let G be a graph with vertices vq,...,v, and adja-
cency matrix A. Let

C=T+A+A%+ ... AL

Then G is connected if and only if C has no zero
entries.

Euler and Hamiltonian Paths and Cir-
cuits

Suppose that G is a graph.

e An Fuler path in G is a path that includes every
edge of G exactly once.

e A Hamiltonian path in G is a simple path that
includes every vertex of G exactly once.

o An Eulerian circuit in G is a circuit that includes
every edge of G exactly once.

e A Hamiltonian circuit in G is a simple circuit
which includes every vertex of G exactly once
(counting the starting vertex once).
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Necessary and Sufficient Condition for Exis-
tence of Euler Circuit

Let G be a connected graph. An Euler circuit exists
if and only if all vertices of G have even degree i.e.
there are no vertices of odd degree.

Necessary and Sufficient Condition for Exis-
tence of Euler Path

Let G be a connected graph. An Euler path which is
not a circuit exists if and only if G has exactly two
vertices of odd degree.

Weak Conditions for Existence of Hamiltonian
Path/Circuit

In short, there is no simple necessary and sufficient
criteria which are known that determine whether a
graph has a Hamilton circuit or path.

However, there do exist some “weak” conditions:

e A graph with a vertex of degree 1 cannot have a
Hamilton circuit.

If a graph G has a Hamilton circuit, then the cir-
cuit must include all edges incident with vertices
of degree 2.

A Hamilton path or circuit uses at most 2 edges
incident with any one vertex.

Let G be a connected and simple graph with n >
3 vertices, such that each vertex has degree at
least n/2. Then G has a Hamilton circuit.

Isomorphic Graphs
Definition

Let G and G’ be graphs with vertices V and V' re-
spectively, and edges F and F’ respectively. Then G
is isomorphic to G’ (written as G = G'), if and only if
there are two bijections f:V — V' and g: E — E’,
such that e is incident with v in G if and only if g(e)
is incident with f(v) in G'.

e Two graphs are isomorphic if and only if they are
the ‘same’ except for edge and vertex labelings.

e In this case, deg(v) = deg(f(v)).

Two simple graphs G and G’ are isomorphic if and
only if there is a bijection f : V — V' such that for
all v1,v9 € V, v; and vy are adjacent in G if and only
if f(v1) and f(ve) are adjacent in G’.



Invariants Properties

A property of a graph G is an invariant if and only e A planar map divides the plane into a finite num-
if G’ also has this property whenever G’ = G. ber of regions. Exactly one of these regions is
Some graph invariants are unbounded.
e the number of vertices; e A planar graph can have different planar repre-
sentations (or maps), but the number of regions
e the number of edges; is the same for all planar representations.
e the total sum of all the vertex degrees; e Euler’s Formula: If GG is a connected planar

graph with e edges and v vertices, and if r is the

e the number of vertices of a given degree; . . .
g gree; number of regions in a planar representation of

e bipartiteness, number of connected components, G, then
connectedness; v—e+r =2
e having a vertex of some degree n adjacent to a e The degree of a region R in a planar representa-

vertex of some degree m; tion is the number of edges (counting repetitions)
traversed in going round the boundary of R.

e the number of circuits of a given length;
e We also have that,

e the existence of an Euler circuit; )
2|E| = the sum of region degrees.

e the existence of a Hamilton circuit.
e The sum of region degrees equals the sum of ver-

The easiest way to show that G and G’ are not iso- tex degrees.

morphic (G % G') is to find an invariant property
!
that holds for G but not for G'. Dual Graphs
The dual of a planar graph G is a planar graph G*
given as:

Planar Graphs

Definition ) ) )
e for each region R; of GG, there is an associated

A graph G is planar if and only if it can be drawn vertex v} in G*;
in the plane so that no edge crosses another. Such a

drawing is called a planar map or planar representa- e for each edge e in G that is surrounded by one
tion of G. region R;, there is an associated loop in G* at

vertex v} .

e for each edge e of G that separates two regions
Ry and R, there is an edge e* in G* that con-
nects vertices v} and v corresponding to ; and
Rj respectively.

Connected Planar Graphs

Figure 4: Not a planar map If G is a simple connected planar graph with at least
3 vertices, then every region degree is at least 3.

e To have a region of degree 1, G must have a loop.

c e To have a region of degree 2, G must have par-
e‘a allel edges.

' If G is a connected planar simple graph with e edges

and v > 3, then
e ¢ < 3v—6;

Figure 5: Planar representation of above graph e ¢ < 2v — 4 if G has no circuits of length 3.
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Elementary subdivisions Weighted Trees

Suppose that G has an edge e with endpoints v and e A weighted graph is a graph whose edges have

w. Let G’ be the graph obtained from G by replacing
e by a path ve'v'e"w.

Such an operation is called an elementary subdivi-

ston.

I .

I! e/ . e// lH

been given numbers called weights. The weight
of an edge e is denoted by w(e).

The weight of a subgraph in a weighted graph
G is the sum of the weights of the edges in the
subgraph.

A minimal spanning tree in a weighted graph G
is a spanning tree whose weight is less than or
equal to the weight of any other spanning tree.

Kruskal’s Algorithm for Minimal Spanning

Tree

Homeomorphic Graphs

1.

We say that two graphs are homeomorphic if and only

if each can be obtained from a common graph by 2.

elementary subdivisions. If G is planar then so is any
graph homeomorphic to G.

e Kuratowski’s Theorem: A graph is planar if
and only if it does not contain a subgraph home-
omorphic to K33 or Ks.

4.

Start with the tree T := ().

Sort the edges of G into increasing order of
weight (breaking ties arbitrarily).

Going down the list, add an edge to T if and only
if it does not form a circuit with edges already
inT.

Repeat step 3 until T" has n — 1 edges.

Trees Then T is a minimal spanning tree for G.

Definition

Dijkstra’s Algorithm

A tree is a connected graph with no circuits. A tree

has no loops or multiple edges, so it is simple. Given a connected weighted graph G and a particular
Here is an example: vertex vg, we want to find a shortest path from vy to
v for each vertex v in G.

() 1
oG
& O

G OO 5

Any tree T is planar.

2.

Spanning Trees

A spanning tree in a graph G is a subgraph that is a
tree and contains every vertex of G.

. Start with the subgraph T consisting of vy only.

For all vertices v € T, we need to also record
spl(v), the shortest path length from vy to v.
Initially, we just set spl(vg) := 0.

Consider all edges e with one endpoint w in T
and the other endpoint v not in 7.

Of these edges, choose an edge e which minimises
w(e) + spl(u), where w(e) is the weight of e.

. Add this edge e, and its corresponding vertex v,

to T, and set spl(v) := w(e) + spl(u).

Repeat steps 3 to 5 until T' contains every vertex
in G.

Then, T is a minimal vg-path spanning tree for G.
That is, T is a tree, and for all vertices v, a shortest

e Every connected graph contains a spanning tree. path in G between vy and v is a subgraph of 7.

e A connected graph with n vertices is a tree if and
only if it has exactly n — 1 edges.
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